
Introduction

In geodesy many computations use the ellipsoid of rev-
olution as the mathematical reference surface. This
includes computations using GPS where, e.g., in navi-
gation applications it is often required to determine the
coordinates of an unknown point given the azimuth and

distance from a known point, or to find the azimuths and
shortest distance along the ellipsoid between two given
points. These problems are known as the direct and
inverse problems in geodesy, respectively. A consequence
of expressing the computations on the ellipsoid is that
quite a number of relations are series expansions, such
as the meridian arc length, UTM-coordinates, and the
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Abstract The central part of this
paper is the publication of C++
and Java code for the solution of a
number of basic tasks related to the
geodesic/meridian arc in mathemat-
ical geodesy. We provide an intro-
duction to a recursive formulation of
the series expansions of the under-
lying integrals. Recursive formula-
tion has the advantage that simple
relationships are identical for all
orders and thus can easily be
programmed. The code examples
shown below, together with the
algorithm sections, can be easily
transferred to other programming
languages. For testing and teaching
purposes the development of forms
for online computation, using the
Perl, and PHP Hypertext Processor
scripting languages, is ongoing.
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direct and inverse problems mentioned above. While
preparing a new series of lectures on mathematical
geodesy, I took the opportunity to look for the best
algorithms available and to code them into C++, Java,
and the Perl, PHP Hypertext Preprocessor scripting
languages. For theoretical developments and for teach-
ing, I also use MathCad. The theoretical developments of
the expressions used in this contribution are available in
Klotz (1991, 1993). The subject matter is also addressed,
in part, in Thomas (1952) and Snyder (1982).

A lot of integrals in mathematical geodesy can be
formulated such that the coefficients are computable
recursively. This has the following big advantages:

1. Coefficients are calculated from the same relation for
every degree

2. We get the highest accuracy by simply changing one
parameter—the upper limit of a for-loop

3. Simple arithmetic makes it possible to use the rou-
tines for both real number computation and complex
number computation, and

4. Algorithms using the geodesic line as a connecting
curve on the ellipsoid are no longer limited to a cer-
tain range or accuracy.

Computation of meridian arc lengths

Some elements of theory

The meridian arc, i.e. the shortest distance of a given
point on the ellipsoid from the equator, can be derived
using relations of differential geometry. We start from
the parameter representation

xðbÞ ¼
a � cosðbÞ

0
b � sinðbÞ

0
@

1
A

with the semimajor axis a, the semiminor axis b, and the
reduced latitude b (see Fig. 1). Using the flattening f=(a
) b)/a we relate b to the ellipsoidal latitude u by the
relation tan b=(1 ) f) Æ tan u.

Introducing the first eccentricity, e2=(a2 ) b2)/a2, we
find the following closed expression for the length of the
desired meridian arc G shown in Fig. 2:

GðbÞ ¼ a
Zb

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2 cos2ðxÞ

q
dx:

This relation needs numerical evaluation (e.g. using
Matlab, Mathematica, Maple, or MathCad) to compute
a function value. It is well known that series expansion is
the key to finding a formulation, which will allow one to
write efficient subroutines in any programming
language. The fundamental idea is outlined below.

We use the following series expansion

1� xð Þa¼
X1
n¼0

a

n

� �
� �1ð Þn�xn

which holds for any real number a and converges for any
|x|<1.The real numbers

a
n

� �
¼ a � a� 1ð Þ � a� 2ð Þ � . . . � a� nþ 1ð Þ

1 � 2 � . . . � n

are called generalized binomial coefficients.

z

x
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b

Fig. 1 The ellipse as an affine mapping of a circle

a

b

Fig. 2 An example meridian arc G
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Applying this series to our problem (for every geo-
detic ellipsoid, e2 cos2 is much smaller than 1, so we can
expect rapid convergence) we get

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�e2 cos2 x
p

¼ 1�e2 cos2 x
� �1=2

¼
X1
n¼0

0:5

n

� �
� �e2 cos2 x
� �n

¼ 0:5

0

� �
� 0:5

1

� �
� e2 cos2 x
� �1

þ 0:5

2

� �
� e2 cos2 x
� �2����

where the first binomial coefficients are:

n ¼ 0 :
0:5

0

� �
¼ 1

n ¼ 1 :
0:5

1

� �
¼ 0:5

1
¼ 1

2
¼ � 0:5

0

� �
� 2 � 1� 3

2 � 1

n ¼ 2 :
0:5

2

� �
¼ 0:5 � 0:5� 1ð Þ

1 � 2 ¼ � 1

8

¼ � 0:5

1

� �
� 2 � 2� 3

2 � 2

The coefficient of order n follows the rule indicated by
the right hand sides

0:5
n

� �
¼ � 0:5

n� 1

� �
� 2 � n� 3

2 � n

and can thus be recursively computed with the start

value, which is by definition
0:5
0

� �
¼ 1:

For the integrals that are encountered we find the
following relation
Z

cos2n b db ¼ 1

2n
cos2n�1 b sin bþ 2n� 1

2n

Z
cos2n�2 b db

Since we would like to only outline the basic idea, we
omit steps needed to find the recursion formulas for the
remaining integrals. Eventually, we obtain two sets of
coefficients, which are recursively computed by

c0 ¼ 1; cn ¼ cn�1 �
2n� 1

2n
� 2n� 3

2n
� e2

k0 ¼ 1; kn ¼ kn�1 �
2n

2nþ 1
� cos2 b

The first set of coefficients cn depends only on the se-
lected ellipsoid, and the second set of coefficients kn
depend only on the latitude of a given point.

The theoretical developments lead to the following
simple equation

G bð Þ ¼ a � koeff1 � bþ 1

2
� koeff2 � sin 2bð Þ

� �

with the coefficients

koeff1 ¼
XN

n¼0
cn ¼ c0 þ c1 þ � � � þ cNð Þ

koeff2 ¼
XN

n¼1
cn �

Xn�1
m¼0

km ¼ c1 � k0 þ c2 � k0 þ k1ð Þ þ � � �

þ cN � k0 þ k1 þ � � � þ kN�1ð Þ
¼ k0 � c1 þ c2 þ c3 þ � � � þ cNð Þ
þ k1 � c2 þ c3 þ � � � þ cNð Þ þ � � � þ kN�1 � cN

Algorithm

A suitable algorithm to calculate G is given below.

1. Select order N (N=4, e.g. guarantees millimeter
accuracy) and ellipsoid (semimajor axis a, flattening
f=(a ) b)/a

2. Calculate the first eccentricity e2=fÆ(2 ) f)
3. Calculate quantities depending on ellipsoid

(a) Recursively calculate coefficients

c0 ¼ 1; cn ¼ cn�1 �
2n� 1

2n
� 2n� 3

2n
� e2

(b) Form and store the (N·1)-vector

k2 ¼
c1 þ c2 þ c3 þ � � � þ cN

c2 þ c3 þ � � � þ cN
..
.

cN

0
B@

1
CA

(c) Calculate coefficient koeff1 ¼ 1þ c1þð c2 þ c3
þ � � � þcN Þ ¼ 1þ k2 0½ the symbol k2 [0] denotes
the first element of the vector k2

4. Calculate quantities depending on the ellipsoidal
latitude u

(a) Calculate reduced latitude b from tan b=(1 ) f) Æ
tan u, calculate csquare=cos2 b

(b) Recursively calculate

k0 ¼ 1; kn ¼ kn�1 �
2n

2nþ 1
� csquare

(c) Form and store the (N ·1)-vector
kT ¼ k0 k1 � � � kN�1ð Þ

(d) Calculate coefficient from scalar product

koeff2 ¼ kT2 � k

5. Calculate length of meridian arc

G bð Þ ¼ a � koeff1 � bþ 1

2
� koeff2 � sin 2bð Þ

� �

Of course, for a given accuracy, truncated expressions
can be given, e.g. for N=4
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koeff1 ¼ 1� 1

4
e2 � 3

64
e4 � 15

768
e6 � 525

49; 152
e8

For latitude b ¼ 90� ¼ p
2 we get G 90�ð Þ ¼ a � koeff1 � p2

so that the circumference of the corresponding ellipse is
2pÆa Æ koeff1.

C++ code

The coefficients c and k are not of interest so, a corre-
sponding code (in C++ notation) looks like

For future use (i.e. calculations of a great number of
points on the same ellipsoid to the same degree of
accuracy, or calculation of the latitude from given arc
length), the vector k2 should be stored so that the rou-
tine above reduces to lines 12–19. In the spirit of object-
oriented programming, it is advised to put the lines 1–9
into an initializing routine called from a constructor and
let the vector k2 be class member data. The accuracy is
solely controlled by the upper limit N in the for-loops
(see lines 1, 5, and 14).

Symbolically, we call the computation of meridian
arc length from latitude arc() and the inverse problem
(latitude from arc) lat().

Numerical example

On the Hayford ellipsoid (parameters a=6378388.0,
1/f=297.0), the meridian arc length is calculated for a
point with reduced latitude b=45�. We assume that
ultimate accuracy is needed (N=8). Using the code
above, we get the values in Table 1 for the vector k2.

With coefficient koeff1=0.9983172080559514, koe-
ff2=)0.0016835008855936161, we finally obtain

G=G8=4995775.138571393 m (having in mind that
mm-accuracy is sufficient for geodetic practice).

We can also have a closer look at the convergence
behavior of the series expansion by examining the values
of G for different N given in Table 2.

The second column gives the arc length as a function
of N. Column three shows the difference between the
‘correct’ value and the current value of G. The remaining
columns give the log values and their differences. We can
draw from this the following conclusions:

1. Developing the series up to N=4 is sufficient for
geodetic accuracy requirements

2. Increasing the development order by one improves
the accuracy by two to three orders of magnitude.

Table 1 Contents of an example k2 vector

n k2[n]

0 )0.0016827919440485985
1 )2.1244384652680673E)6
2 )5.956017025297512E)9
3 )2.1909338780441636E)11
4 )9.282823558832374E)14
5 )4.2915868628714474E)16
6 )2.105339525487341E)18
7 )1.0726062700225286E)20

Table 2 Convergence of the example meridian arc

N GN (m) DG=G8 ) GN (m) log|DG| Dlog

0 5009574.2206 )13799.0821 4.1 /
1 4995794.8173 )19.6787 1.3 )2.8
2 4995775.1963 )0.0577 )1.2 )2.5
3 4995775.1388 )2.2E)4 )3.7 )2.4
4 4995775.1386 )9.2E)7 )6.0 )2.4
5 4995775.1386 )3.7E)9 )8.4 )2.4
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Complex number and real number use of code

Especially powerful is the dual use of code using C++
templates. Above we present source code which can be

– called with a real number (the ellipsoidal latitude u in
radians) as the fourth parameter and delivers a real
number—the meridian arc length;

– called with a complex number (to be defined below)
and delivers the two components of Gauss-Krueger or
(scaling with 0.9996) UTM coordinates as the real and
imaginary parts, respectively.

For test reasons the word length of a real number
within the entire routine can easily be changed (see line
00) from ‘float’ to ‘double’ or even ‘long double’

When called using complex variables, all necessary
arithmetic and function calls are performed in the
complex domain when using C++. Java templates are
meanwhile available and corresponding Java code will
be released (Feb. 2004).

Geodetic lines/Geodesics

On an ellipsoid of revolution a geodetic line (GL) is
characterized by one simple parameter h, cf. (Klotz
1991). The following relations hold for azimuth a and
latitude b of a point on a GL

h ¼ sin aið Þ � cos bið Þ ¼ sin a0ð Þ ¼ cos bMaxð Þ

A point with index i is any point on the GL, point 0 is
the starting point of the GL on the equator, and Max is

the northernmost/southernmost point of the line
(aMax=90�); see Fig. 3.

We find the following two extreme values for h:

– The meridian arc is characterized by h=0
– The equator is characterized by h=±1.

Therefore, the valid range of h is ) 1 £ h £ +1
The arclength along the GL with starting point 0 is

given by

s bð Þ ¼ a �
Zb

0

cos b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2 cos2 b

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 b� h2

p db

For h=0 this equation reduces to the starting integral
for G(b) given above. The longitude L, which is similar
to an ellipsoidal length k but is zero at point 0,

K bð Þ ¼ h �
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e2 cos2 b
p

cos b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 b� h2

p db

For the series expansion we introduce a mapping
latitude v by

sin2 v ¼ sin2 b
1� h2

and see that, with h=cos bMax, this transformation
maps the range ) bMax £ b £ bMax to

� p
2
� v � p

2

Using series expansion and noting recursion proper-
ties leads to the following relations
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s vð Þ ¼ a � v � koeff1� 1

2
� a � sin 2v � koeff2

K h; vð Þ ¼ arcsin sin v � sin að Þ

þ h � v � koeff3� 1

2
� h � sin 2v � koeff4

The coefficients will be given next.

Algorithm

1. Select N (for example N=3) and thus degree of
accuracy; the following vectors and matrices have
dimension (N+1). Write binomial coefficients (‘Pas-
cal Triangle’) into matrices P1 and P2, e.g.

P1 ¼

1 0 0 0

1 1 0 0

1 2 1 0

1 3 3 1

0
BB@

1
CCA

T

and

P2 ¼

0 0 0 0

1 0 0 0

1 1 0 0

1 2 1 0

0
BB@

1
CCA

T

2. Calculate quantities which are only dependent on
selected ellipsoid using the eccentricity e2=fÆ(2 ) f)

c0 ¼ 1; cn ¼ cn�1 �
2n� 3

2n
� e2

collect the coefficients into an (N+1)-vector cT ¼
c0 c1 � � �ð cN Þ

3. Calculate quantities that are only dependent on the
selected GL

d0 ¼ 1; dn ¼ �dn�1 �
2n� 1

2n
� ð1� h2Þ

form the (N+1)-vector dT ¼ d0 d1 � � � dNð Þ and
the matrix (example N=3)

D ¼

0 d1 d2 d3
0 0 d2 d3
0 0 0 d3
0 0 0 0

0
BB@

1
CCA

4. Calculate vectors k2=DÆP1Æc and k4=DÆP2Æc and
then the point-independent quantities

koeff1 ¼ dT � P1 � c and koeff3 ¼ dT � P2 � c

5. Calculate quantities that are point-dependent

k0 ¼ 1 kn ¼ kn�1 �
2n

2nþ 1
� sin2v

collect them into the (N+1)-vector kT ¼ k0 k1ð � � �
kN Þ

6. Finally calculate the remaining two coefficients

koeff2 ¼ kT2 � k and koeff4 ¼ kT4 � k

For b=bMax we get v ¼ p
2 and thus the extreme values of

the GL

sMax ¼ a � p
2
� koeff1 and KMax ¼

p
2
� 1þ h � koeff3ð Þ

Basic tasks

The following four basic tasks have been coded into
C++ and Java

1. Closed solutions

(a) Calculate arc length from latitude

s vð Þ ¼ a � v � koeff1� 1

2
� a � sin 2v � koeff2

(b) Calculate longitude from latitude

K h; vð Þ ¼ arcsin sin v � sin að Þ þ h � v � koeff3� 1

2
� h � sin 2v � koeff4

2. Iterative solutions

(a) Calculate latitude from arc length
(b) Calculate parameter h from latitude and longi-

tude difference of two different points on the
same GL.

These relationships have been originally derived by
Klotz (1991). They have been re-formulated here and
coded into C++ and Java by the author. For simplicity
the algorithm is summarized in Table 3.

Numerical example for the direct problem

On the Bessel ellipsoid (parameters a=6377397.155 m,
1/f=299.15281285), we have the coordinates of a given
point A

Fig. 3 Parameters associated with a geodesic line
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uA ¼ 53�5002:880900 kA ¼ 10�1204:177200

The connecting geodesic to an unknown point 1 starts at
point A with an azimuth

aA1 ¼ 25�160 31:9600

and has a length of

sA1 ¼ 47652:597m

We would like to compute the coordinates of the un-
known point 1 and the azimuth of the GL at point 1.

Utilizing the four basic tasks the procedure is as
follows:

– Calculate arc length from 0 to point A by task (1a)
– Add distance sA1, this gives the arc length from point 0

to point 1
– Calculate corresponding latitude from task (2a), this

gives u1

– Calculate two longitudes LA and L1 from task (1b) add
longitude difference to longitude k1=kA+(L1 ) LA)

– Azimuth a1A=180� + arcsin (h/cos b).

Following our scheme above we calculate (for N=8)
the coefficients given in Table 4.

For testing purposes we use the following interme-
diate quantities:

Table 3 Computation of Geodesics

Series development up to order N requires matrices/vectors of dimension (N+1)
Geodetic requirements: N=4, ultimate accuracy, e.g. N=8 (example below: N=3)

Computation of matrices solely dependent on N (‘Pascal triangles’)

P1 ¼

1 0 0 0
1 1 0 0
1 2 1 0
1 3 3 1

0
BB@

1
CCA

T

P2 ¼

0 0 0 0
1 0 0 0
1 1 0 0
1 2 1 1

0
BB@

1
CCA

T

Test: sum of elements in column n must be 2n

Computation of quantities solely dependent on the ellipsoid
Semimajor axis a, flattening f=(a ) b)/a, square of 1st numerical
eccentricity e2=fÆ(2 ) f)

c0 ¼ 1 cn ¼ cn�1 � 2n�3
2n � e2

ðTest:
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2
p

�
PN
n¼0

cn\eðNÞÞ
cT ¼ c0 c1 . . . cNð Þ
cT ¼ 1 � 1

2
e2 � 1

8
e4 � 1

16
e6

� �

Computation of quantities solely dependent on the geodesic (GL)
GL is described by the ‘Clairaut-Constant’ h = sin(ai) Æ cos(bi) = sin(a0) = cos(bMax)

d0 ¼ 1; dn ¼ �dn�1 � 2n�1
2n � ð1� h2Þ dT ¼ d0 d1 . . . dNð Þ

D ¼

0 d1 d2 d3
0 0 d2 d3
0 0 0 d3
0 0 0 0

0
BB@

1
CCA

Quantities independent of a specific point on the GL
k2 ¼ D � P1 � c

koeff1 ¼ dT � P1 � c
sMax ¼ a � p2 � koeff1

k4 ¼ D � P2 � c
koeff3 ¼ dT � P2 � c

KMax ¼ p
2 � 1þ h � koeff3ð Þ

Point-dependent coefficients
Point has ellipsoidal latitude u; further tan b=(1 ) f) Æ tan u and sin2v ¼ sin2 b

1�h2

k0 ¼ 1 kn ¼ kn�1 � 2n
2nþ1 � sin

2v
kT ¼ k0 k1 . . . kNð Þ

koeff2 ¼ kT2 � k koeff4 ¼ kT4 � k

The four basic tasks
(1) Calculate arc length from latitude s vð Þ ¼ a � v � koeff1� 1

2 � a � sin 2v � koeff2 (2) Calculate longitude from latitude

K h; vð Þ ¼ arcsin sin v � sin að Þ þ h � v � koeff3
� 1

2
� h � sin 2v � koeff4

(3) iteratively calculate latitude

from arc length

start value : v0 ¼ s
a�koeff1

vi ¼ v0 þ koeff2ðvi�1Þ
2�koeff1 � sin 2vi�1; i ¼ 1; 2; � � �

repeat until; e:g: jvi � vi�1j\10�12rad

(4) iteratively calculate parameter h from
two points on GL (see Java or C++ code)

57



– The parameter of the GL: h=0.25251656410048773
– Starting azimuth at 0: a0=14� 37¢ 35.32655903¢¢
– Northernmost point of GL: bMax=75� 25¢

13.17616373¢¢
– Distance of point 1 from 0: s1=6314833.70194304 m

We finally obtain

u1 ¼ 54�13015:289167000 k1 ¼ 10�30047:242796700

and

a1A ¼ 205�31040:862118200

confirming the example given by Grossmann (1976).

Complex computations

If we check the series expansions for Gauss-Krueger/
UTM coordinate computation, we find that the merid-
ian arc length is needed. Because we have to call the
routine arc() anyway for a real number, we also call it
for an appropriate complex number and thus use iden-
tical code for two different tasks.

We present here a method which uses the formulas
given above for complex numbers. The algorithms below
have been published by Klotz (1993).

Gauss-Krueger/UTM coordinates from latitude/longitude

Given the ellipsoidal latitude and longitude (u, k) of a
point, we look for its Gauss-Krueger (GK) or UTM
mapping plane coordinates (Easting, Northing) with the
central meridian k0.

1. For ellipsoid with flattening f compute e2=fÆ(2 ) f)
2. From u compute isometric latitude q=ATANH

(sin u)) eÆATANH(e Æ sin u)
3. Form complex variable w=q+iÆ(k ) k0)
4. Start complex number iteration with b0=arcsin(tanh w)

bi ¼ arcsin tanh wþ e � ATANH e � sin bi�1ð Þðð ÞÞ

5. With scale factor for central meridian, scale=1 or
scale=0.9996 compute

z ¼ scale � arcða; f ; bÞ
6. Separate real and imaginary parts of complex number z

Easting ¼ imagðzÞ Northing ¼ realðzÞ

Latitude/longitude from Gauss-Krueger/UTM
coordinates

Given the GK or UTM mapping plane coordinates of a
point with the central meridian k0, we look for its
ellipsoidal latitude and longitude (u, k).

1. For ellipsoid with flattening f compute e2=fÆ(2 ) f)
2. Form complex variable z=Northing+iÆEasting
3. With appropriate scale factor compute

b ¼ latða; f ; z=scaleÞ

4. Compute w=ATANH(sin b) ) eÆATANH(e Æ sin b)
5. Split real and imaginary number of w=q+iÆ(k ) k0)

q ¼ realðwÞ and Dk ¼ k� k0 ¼ imagðwÞ

6. Start real number iteration with u0=0 and

ui ¼ arcsin tanh qþ e � a tanh e � sinui�1ð Þðð ÞÞ

Examples have been built into the test routines of the
published Java and C++ codes.
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his students in the testing phase of the algorithms in his lectures.
The students showed that the major parts of the formulas even
work on pocket calculators. Finally, the author wishes to
acknowledge the valuable hints of the reviewers.

Table 4 Coefficients k2 and k4 for N up to 8

N k2[n] k4[n]

0 0.0015655914535296317 2.618011423244789E)6
1 )1.8439911546160652E)6 )6.1651745351570805E)9
2 4.829438218657822E)9 2.0178087300013128E)11
3 )1.660588773055953E)11 )7.769163062743946E)14
4 6.578848521913908E)14 3.2972532046668064E)16
5 )2.8445128520543706E)16 )1.4923923687814785E)18
6 1.304180912100624E)18 6.809472097997561E)21
7 )5.976814434681885E)21 (0.9966572268183839)
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