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Preface

This book was expanded from lecture materials | use in a omester upper-division under-
graduate course entitlderobability and Statisticat Youngstown State University. Those lec-
ture materials, in turn, were based on notes that | transgrés a graduate student at Bowling
Green State University. The course for which the materiasevwvritten is 50-50 Probabil-
ity and Statistics, and the attendees include mathematnggneering, and computer science
majors (among others). The catalog prerequisites for thesecare a full year of calculus.

The book can be subdivided into three basic parts. The retipaludes the introductions
and elementargescriptive statistigsl want the students to be knee-deep in data right out of
the gate. The second part is the studypadbability, which begins at the basics of sets and
the equally likely model, journeys past discretmtinuous random variables, and continues
through to multivariate distributions. The chapter on skmgpdistributions paves the way to
the third part, which isnferential statistics This last part includes point and interval estimation,
hypothesis testing, and nishes with introductions to stdd topics in applied statistics.

| usually only have time in one semester to cover a small guifghis book. | cover the
material in Chapter 2 in a class period that is supplemenyea take-home assignment for
the students. | spend a lot of time on Data Description, Ritiba Discrete, and Continuous
Distributions. | mention selected facts from Multivari@estributions in passing, and discuss
the meaty parts of Sampling Distributions before movindtiglong to Estimation (which is
another chapter | dwell on considerably). Hypothesis hggipes faster after all of the previous
work, and by that time the end of the semester is in sight. inadly choose one or two nal
chapters (sometimes three) from the remaining to surveyregret at the end that | did not
have the chance to cover more.

In an attempt to be correct | have included material in thgkdaehich | would normally not
mention during the course of a standard lecture. For instdnmoormally do not highlight the
intricacies of measure theory or integrability conditisrieen speaking to the class. Moreover, |
often stray from the matrix approach to multiple linear esgpion because many of my students
have not yet been formally trained in linear algebra. Thatdpsaid, it is important to me for
the students to hold something in their hands which acknidyde the world of mathematics
and statistics beyond the classroom, and which may be usetaem for many semesters to
come. It also mirrors my own experience as a student.

The vision for this document is a more or less self contaieedentially complete, correct,
introductory textbook. There should be plenty of exerciseshe student, with full solutions
for some, and no solutions for others (so that the instructay assign them for grading).
By Sweavés dynamic nature it is possible to write randomly generatgdrcises and | had
planned to implement this idea already throughout the bétdks, there are only 24 hours in a
day. Look for more in future editions.

Seasoned readers will be able to detect my origixsbability and Statistical Inference
by Hogg and Tanis44], Statistical Inferencéy Casella and Bergefd 8], and Theory of Point
EstimatiorTesting Statistical Hypothesby Lehmann $9, 58]. | highly recommend each of

Vil
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those books to every reader of this one. Sdigooks with “introductory” in the title that |
recommend aréntroductory Statistics witlR by Dalgaard 19] andUsing R for Introductory
Statisticsby Verzani B7]. Surely there are many, many other good introductory badicut
R, but frankly, | have tried to steer clear of them for the pastryor so to avoid any undue
in uence on my own writing.

| would like to make special mention of two other bookstroduction to Statistical Thought
by Michael Lavine $6] and Introduction to Probabilityby Grinstead and SnelBf]. Both of
these books areeeand are what ultimately convinced me to reledddR under a free license,
too.

Please bear in mind that the title of this book is “Introdactto Probability and Statistics
UsingR”, and not “Introduction tdR Using Probability and Statistics”, nor even “Introduction
to Probability and Statistics and Using Words”. The people at the party are Probability
and Statistics; the handshakeRs There are several important topics ab&itwhich some
individuals will feel are underdeveloped, glossed overantonly omitted. Some will feel the
same way about the probabilistic dadstatistical content. Still others will just want to ledn
and skip all of the mathematics.

Despite any misgivings: here it is, warts and all. | humbMitie said individuals to take
this book, with the GNU Free Documentation License (GNU-fDLhand, and make it better.
In that spirit there are at least a few ways in my view in whitis book could be improved.

Better data. The data analyzed in this book are almost entirely fromdaiasets package
in baseR, and here is why:

1. I made a conscious ert to minimize dependence on contributed packages,

2. The data are instantly available, already in the corr@thét, so we need not take
time to manage them, and

3. The data areeal.

| made no attempt to choose data sets that would be integestithe students; rather,
data were chosen for their potential to convey a statispoait. Many of the data sets
are decades old or more (for instance, the data used to ugecglmple linear regression
are the speeds and stopping distances of cars in the 1920's).

In a perfect world with in nite time | would research and cdhtite recentreal data in a
context crafted to engage the studentsweryexample. One day | hope to stumble over
said time. In the meantime, | will add new data sets increalbras time permits.

More proofs. | would like to include more proofs for the sake of completen@ understand
that some people would not consider more proofs to be impnewnt). Many proofs
have been skipped entirely, and | am not aware of any rhymeason to the current
omissions. | will add more when | get a chance.

More and better graphics: | have not used thggplot2 package90] because | do not know
how to use it yet. It is on my to-do list.

More and better exercises: There are only a few exercises in the rst edition simply hess
| have not had time to write more. | have toyed with xamspackage 38 and | believe
that it is a right way to move forward. As | learn more about with& package can do |
would like to incorporate it into later editions of this baok
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About This Document

IRUR contains many interrelated parts: thecument theProgram thePackage and theAn-
cillaries. In short, theDocumenis what you are reading right now. TlRogramprovides an

e cient means to modify the Document. TiRackages anR package that houses the Program
and the Document. Finally, th&ncillaries are extra materials that reside in the Package and
were produced by the Program to supplement use of the DoduMénbrie y describe each

of them in turn.

The Document

The Documentis that which you are reading right now ®BUR's raison d'étre There are
transparent copies (nonproprietary text les) and opago@es (everything else). See the
GNU-FDL in AppendixB for more precise language and details.

IPSUR.tex is a transparent copy of the Document to be typeset withgX distribution such
as MikTeX or TeX Live. Any reader is free to modify the Document and releds® t
modi ed version in accordance with the provisions of the GIRDL. Note that this le
cannot be used to generate a randomized copy of the Docuindeed, in its released
form it is only capable of typesetting the exact versionR§fIR which you are currently
reading. Furthermore, theex le is unable to generate any of the ancillary materials.

IPSUR-xxx.eps, IPSUR-xxx.pdf are theimage les for every graph in the Document. These
are needed when typesetting withigX.

IPSUR.pdf is an opaque copy of the Document. This is the le that ingtewould likely
want to distribute to students.

IPSUR.dvi is another opaque copy of the Document in agtent le format.

The Program

The ProgramincludesIPSUR.lyx and its nepheWPSUR.Rnwthe purpose of each is to give
individuals a way to quickly customize the Document for thggrticular purpose(s).

IPSUR.lyx is the source X le for the Program, released under the GNU General Public
License (GNU GPL) Version 3. This le is opened, modi ed, acompiled with kyX, a
sophisticated open-source document processor, and maeldgtogether witlsweave
to generate a randomized, modi ed copy of the Document withnd new data sets for
some of the exercises and the solution manuals (in the Sdediidn). Additionally,
LyX can easily activatéeactivate entire blocks of the documesg.the proofs of the
theorems, the studerblutions to the exercises, or the instructamswers to the prob-
lems, so that the new author may choose which sections (9)hlkel\wke to include in the
nal Document (again, Second Edition). THBSUR.lyx le is all that a person needs
(in addition to a properly con gured system — see Apper@d)xXo generateeompildex-
port to all of the other formats described above and belovighvimcludes the ancillary
materialdPSUR.RdataandIPSUR.R

IPSUR.Rnwis another form of the source code for the Program, alsoseteander the GNU
GPL Version 3. It was produced by exportiRSUR.lyx into R/Sweave format.Rnw).
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This le may be processed with Sweave to generate a randaloizey ofPSUR.tex —a
transparent copy of the Document — together with the amgiti@aterialssPSUR.Rdata
and IPSUR.R Please note, however, thl@SUR.Rnws just a simple text le which
does not support many of the extra features tjat & ers such as WYSIWYM editing,
instantly (de)activating branches of the manuscript, andem

The Package

There is a contributed package GRANcalledIPSUR The package aords many advantages,
one being that it houses the Document in an easy-to-acceismelndeed, a student can have
the Document at hiker ngertips with only three commands:

> |nstall.packages("IPSUR")
> library(IPSUR)
> read(IPSUR)

Another advantage goes hand in hand with the Program'sdisesince RUR is free, the
source code must be freely available to anyone that warAsaickage hosted cGRAMIlows
the author to obey the license by default.

A much more important advantage is that the excellent tasliatR-Forge are building
and checking the package daily against patched and develtarsions of the absolute latest
pre-release oR. If any problems surface then | will know about it within 24urs.

And nally, suppose there is some sort of problem. The paeksigucture makes in-
credibly easy for me to distribute bug- xes and corrected typogrepherrors. As an author |
can make my corrections, upload them to the repositoR+Bbrge, and they will be re ected
worldwidewithin hours. We aren't in Kansas anymore, Dorothy.

Ancillary Materials

These are extra materials that accompdfyR. They reside in théetc subdirectory of the
package source.

IPSUR.RDatais a saved image of tHe workspace at the completion of the Sweave processing
of IRUR. It can be loaded into memory witfile . Load Workspace or with the com-
mandload("/path/to/IPSUR.Rdata") . Either method will make every single object
in the le immediately available and in memory. In particyléhe data BLANK from
Exercise BLANK in Chapter BLANK on page BLANK will be loadedype BLANK at
the command line (after loadinSUR.RData to see for yourself.

IPSUR.R s the exportedR code fromlPSUR.RnwWith this script, literally everyR command
from the entirety of {UR can be resubmitted at the command line.

Notation

We use the notatior or stem.leaf notation to denote objects, functioretc.. The sequence
“Statistics . Summaries . Active Dataset” means to click theStatistics menu item, next click
the Summaries submenu item, and nally clicldctive Dataset.
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Chapter 1

An Introduction to Probability and
Statistics

This chapter has proved to be the hardest to write, by far.tithdle is that there is so much
to say — and so many people have already said it so much bletterl tcould. When | get
something | like I will release it here.

In the meantime, there is a lot of information already avdddo a person with an Internet
connection. | recommend to start at Wikipedia, which is n@vadess resource but it has the
main ideas with links to reputable sources.

In my lectures | usually tell stories about Fisher, Galtoay&s, Laplace, Quetelet, and the
Chevalier de Mere.

1.1 Probability

The common folklore is that probability has been around fdtemmia but did not gain the
attention of mathematicians until approximately 1654 wtienChevalier de Mere had a ques-
tion regarding the fair division of a game's payto the two players, if the game had to end
prematurely.

1.2 Statistics

Statistics concerns data; their collection, analysis, iatefpretation. In this book we distin-
guish between two types of statistics: descriptive and-amnfal.

Descriptive statistics concerns the summarization of. dd&ahave a data set and we would
like to describe the data set in multiple ways. Usually timtaés calculating numbers from the
data, called descriptive measures, such as percentages, averages, and so forth.

Inferential statistics does more. There is an inferenceaated with the data set, a conclu-
sion drawn about the population from which the data origidat

| would like to mention that there are two schools of thoughstatistics: frequentist and
bayesian. The dierence between the schools is related to how the two growgret the
underlying probability (see Sectigh3). The frequentist school gained a lot of ground among
statisticians due in large part to the work of Fisher, Neynaawal Pearson in the early twentieth
century. That dominance lasted until inexpensive comguytiower became widely available;
nowadays the bayesian school is garnering more attenteatesm increasing rate.

1
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This book is devoted mostly to the frequentist viewpointehese that is how | was trained,
with the conspicuous exception of Sectigh8and7.3. | plan to add more bayesian material
in later editions of this book.
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Chapter 2

An Introductionto R

2.1 Downloading and InstallingR

The instructions for obtaining largely depend on the user's hardware and operating system.
TheR Project has written aR Installation and Administration manual with complete,qise
instructions about what to do, together with all sorts ofiiddal information. The following

is just a primer to get a person started.

2.1.1 InstallingR

Visit one of the links below to download the latest versiorRdior your operating system:
Microsoft Windows: http://cran.r-project.org/bin/windows/base/

MacOS: http://cran.r-project.org/bin/macosx/

Linux: http://cran.r-project.org/bin/linux/

On Microsoft Windows, click th&k-x.y.z.exe installer to start installation. When it asks for
"Customized startup options", specifgs. In the next window, be sure to select the SDI (single
document interface) option; this is useful later when wewks three dimensional plots with
thergl package]].

Installing R on a USB drive (Windows) With this option you can use portably and without
administrative privileges. There is an entry in Réor Windows FAQ about this. Here is the
procedure | use:

1. Download the Windows installer above and start instalteds usual. When it askghere
to install, navigate to the top-level directory of the USBvdrinstead of the default
drive.

2. When it asks whether to modify the Windows registry, unghe box; we do NOT
want to tamper with the registry.

3. After installation, change the name of the folder fr&.y.z to just plainR (Even
quicker: do this in step 1.)

4. Download the following shortcut to the top-level diregtof the USB drive, right beside
theRfolder, not inside the folder.


http://cran.r-project.org/bin/windows/base/
http://cran.r-project.org/bin/macosx/
http://cran.r-project.org/bin/linux/
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http://ipsur.r-forge.r-project.org/book/download/R. exe

Use the downloaded shortcut to ren

Steps 3 and 4 are not required but save you the trouble of ai@vigto theR-x.y.z/bin
directory to double-clickRgui.exe every time you want to run the program. It is useless to
create your own shortcut tBgui.exe . Windows does not allow shortcuts to have relative
paths; they always have a drive letter associated with ttgamf you make your own shortcut
and plug your USB drive into sonwher machine that happens to assign your drive adent
letter, then your shortcut will no longer be pointing to tight place.

2.1.2 Installing and Loading Add-on Packages

There ardbasepackages (which come witk automatically), an@ontributedpackages (which
must be downloaded for installation). For example, on thsiga of R being used for this
document the default base packages loaded at startup are

> getOption("defaultPackages”)

[1] "datasets" "utils" "grDevices" "graphics" "stats" me thods"

The base packages are maintained by a select group of vetantalled R Core”. In
addition to the base packages, there are literally thowsahddditional contributed packages
written by individuals all over the world. These are storeathdwide on mirrors of the Compre-
hensiveR Archive Network, orCRANor short. Given an active Internet connection, anybody
is free to download and install these packages and evenanpgesource code.

To install a package naméddo, open upR and typeinstall.packages("foo") . To
install foo and additionally install all of the other packages on which depends, instead
typeinstall.packages("foo”, depends = TRUE)

The general commanistall.packages() will (on most operating systems) open a
window containing a huge list of available packages; singhlgose one or more to install.

No matter how many packages are installed onto the systerh,ag must rst be loaded
for use with thdibrary  function. For instance, thiereign package 18] contains all sorts
of functions needed to import data sets iRtérom other software such as SPSS, SA,. But
none of those functions will be available until the commébrhry(foreign) is issued.

Typelibrary()  at the command prompt (described below) to see a list of alillave
packages in your library.

For complete, precise information regarding installabbiR and add-on packages, see the
R Installation and Administration manudittp://cran.r-project.org/manuals.html

2.2 Communicating withR

One line at atime This is the most basic method and is the rst one that begswmat use.
RGui (Microsoftr Windows)

Terminal

EmacdESS, XEmacs

JGR


http://ipsur.r-forge.r-project.org/book/download/R.exe
http://cran.r-project.org/manuals.html
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Multiple lines at atime For longer programs (callextriptg there is too much code to write
all at once at the command prompt. Furthermore, for longaptscit is convenient to be
able to only modify a certain piece of the script and run itiaga R. Programs calledcript
editorsare specially designed to aid the communication and codengprocess. They have all
sorts of helpful features includirig syntax highlighting, automatic code completion, delimite
matching, and dynamic help on tiefunctions as they are being written. Even more, they
often have all of the text editing features of programs likefdsoft Word. Lastly, most
script editors are fully customizable in the sense that #e gan customize the appearance of
the interface to choose what colors to display, when to disgliem, and how to display them.

R Editor (Windows): In Microsoftr Windows,RGui has its own built-in script editor, called
R Editor. From the console window, seldéte . New Script. A script window opens,
and the lines of code can be written in the window. When satlsvith the code, the user
highlights all of the commands and pres&#g+R. The commands are automatically run
at once inR and the output is shown. To save the script for later, ditk. Save as...
in R Editor. The script can be reopened later wkile . Open Script... in RGui. Note
thatR Editor does not have the fancy syntax highlighting that ttineis do.

RWInEdt: This option is coordinated with WinEdt fofTiEX and has additional features such
as code highlighting, remote sourcing, and a ton of othegthi However, one rst needs
to download and install a shareware version of another progWWinEdt, which is only
free for a while — pop-up windows will eventually appear thsk for a registration code.
RWInEdt is nevertheless a very ne choice if you already owm¥dlt or are planning to
purchase it in the near future.

Tinn-R/Sciviews-K: This one is completely free and has all of the above mentiaptidns
and more. It is simple enough to use that the user can viytlegin working with
it immediately after installation. But TinR- proper is only available for Microsaft
Windows operating systems. If you are on MacOS or Linux, aganable alternative is
Sci-Views - Komodo Edit.

EmacdESS: Emacs is an all purpose text editor. It can do absolutelyhangtwith respect
to modifying, searching, editing, and manipulating, tekd if Emacs can't do it, then
you can write a program that extends Emacs to do it. Once suehson is calledESS
which stands foEmacsSpeaksXtatistics. With ESS a person can speaRtalo all of the
tricks that the other script editors er, and much, much, more. Please see the following
for installation details, documentation, reference caadsl a whole lot more:

http://ess.r-project.org

Fair warning: if you want to try Emacs and if you grew up with MicrosoftWindows
or Macintosh, then you are going to need to relearn evergtiiou thought you knew about
computers your whole life. (Or, since Emacs is completebtamizable, you can recon gure
Emacs to behave the way you want.) | have personally expeiethis transformation and |
will never go back.

JGR (read “Jaguar”): This one has the bells and whistlesR&ui plus it is based on Java,
so it works on multiple operating systems. It has its ownpdeditor likeR Editor but
with additional features such as syntax highlighting andecoompletion. If you do not
use Microsoft Windows (or even if you do) you de nitely want to check outshine.


http://ess.r-project.org
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Kate, Blue sh, etc There are literally dozens of other text editors availabi@ny of them
free, and each has its own (dis)advantages. | only have amattithe ones with which |
have had substantial personal experience and have enjogedha point. Play around,
and let me know what you nd.

Graphical User Interfaces (GUIs) By the word “GUI” | mean an interface in which the user
communicates withlR by way of points-and-clicks in a menu of some sort. Againre¢hare

many, many options and | only mention ones that | have usectajmyed. Some of the other

more popular script editors can be downloaded fronR#roject website dittp://www.sciviews.org/_rgu
On the left side of the screen (undemojects) there are several choices available.

R Commander provides a point-and-click interface to many basic staatasks. It is called
the “Commander” because every time one makes a selectiontfre menus, the code
corresponding to the task is listed in the output window. ©ae take this code, copy-
and-paste it to a text le, then re-run it again at a later timéhout theR Comman-
der's assistance. It is well suited for the introductoryele\Rcmdralso allows for user-
contributed “Plugins” which are separate package€BARhat add extra functionality
to theRcmdrpackage. The plugins are typically named with the prRemdrPlugin to
make them easy to identify in tli@RANackage list. One such plugin is the
RcmdrPlugin.IPSUR package which accompanies this text.

Poor Man's GUI is an alternative to th&cmdrwhich is based on GTk instead of Ttk. It
has been a while since | used it but | remember liking it verghmwhen | did. One thing
that stood out was that the user could drag-and-drop da&mseilots. See here for more
information: http://wiener.math.csi.cuny.edu/pmg/

Rattle is a data mining toolkit which was designed to mariagalyze very large data sets, but
it provides enough other general functionality to merit teemhere. Seeq1] for more
information.

Deducer is relatively new and shows promise from what | have seen| bave not actually
used it in the classroom yet.

2.3 BasicR Operations and Concepts

TheR developers have written an introductory document entidedntroduction toR”. There
is a sample session included which shows what basic interawith R looks like. | recom-
mend that all new users & read that document, but bear in mind that there are concepts
mentioned which will be unfamiliar to the beginner.

Below are some of the most basic operations that can be dah&RwAlmost every book
aboutR begins with a section like the one below; look around to sksoals of things that can
be done at this most basic level.

2.3.1 Arithmetic

>2+ 3 # add
[1] 5


http://www.sciviews.org/_rgui/
http://wiener.math.csi.cuny.edu/pmg/
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>4 *5/6 # multiply and divide
[1] 3.333333
> 778 # 7 to the 8th power
[1] 5764801

Notice the comment charactér Anything typed after a symbol is ignored byR. We
know that 266 is a repeating decimal, but the above example shows onlgi&diWe can
change the number of digits displayed watptions :

> options(digits = 16)
> 10/3 # see more digits

[1] 3.333333333333333

> sqrt(2) # square root

[1] 1.414213562373095

> exp(1) # Euler s constant, e
[1] 2.718281828459045

> pi

[1] 3.141592653589793

> options(digits = 7) # back to default

Note that it is possible to sdigits up to 22, but setting them over 16 is not recommended
(the extra signi cant digits are not necessarily reliabl&pbove notice thesgrt function for
square roots and thexp function for powers of e, Euler's number.

2.3.2 Assignment, Object names, and Data types

It is often convenient to assign numbers and values to Ma@sgbbjects) to be used later. The
proper way to assign values to a variable is with theoperator (with a space on either side).
The = symbol works too, but it is recommended by fRenasters to reserve for specifying
arguments to functions (discussed later). In this book wkfallow their advice and us&-

for assignment. Once a variable is assigned, its value caribeed by simply entering the
variable name by itself.

> X <- 7*41/pi # don t see the calculated value
> X # take a look

[1] 91.35494

When choosing a variable name you can use letters, numhgss;.d, or underscore *”
characters. You cannot use mathematical operators, arsdiméedot may not be followed by
a number. Examples of valid names axex1, y.value , andy_hat. (More precisely, the set
of allowable characters in object names depends on ondisyar system and locale; see An
Introduction toR for more discussion on this.)

Objects can be of mantypes modes andclasses At this level, it is not necessary to
investigate all of the intricacies of the respective tyfes there are some with which you need
to become familiar:



10 CHAPTER 2. AN INTRODUCTION TOR

integer: thevalues 0, 1, 2,...;these are represented exactlyRoy

double: real numbers (rational and irrational); these numbers atreapresented exactly (save
integers or fractions with a denominator that is a multiglé,see 85)).

character: elements that are wrapped with pairs'adr ' ;

logical: includesTRUEFALSE and NA(which are reserved words); tie¢Astands for “not
available”,i.e., a missing value.

You can determine an object's type with ttypeof function. In addition to the above, there is
thecomplex data type:

> sqrt(-1) # isn t defined
[1] NaN

> sqrt(-1+0i) # is defined

[1] O+1i

> sqrt(as.complex(-1)) # same thing

[1] O+1i

> (0 + 1)"2 # should be -1
[1] -1+0i

> typeof((0 + 1i)"2)

[1] "complex"

Note that you can just typéli)*2 to get the same answer. ThaNstands for “not a
number”; it is represented internally deuble..

2.3.3 \ectors

All of this time we have been manipulating vectors of lengthNlow let us move to vectors
with multiple entries.

Entering data vectors

1. c: If you would like to enter the daté4,31,95,61,76,34,23,54,96  into R, you may
create a data vector with tleefunction (which is short foconcatenate

> X <- ¢(74, 31, 95, 61, 76, 34, 23, 54, 96)
> X

[1] 74 31 95 61 76 34 23 54 96

The elements of a vector are usually coercedRlip the the most general type of any of
the elements, so if you dg(1, "2") then the result will be("1", "2")
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2. scan: This method is useful when the data are stored somewheze Elsr instance,
you may typex <-scan() atthe command prompt ariRlwill display 1: to indicate
that it is waiting for the rst data value. Type a value andgsEnter, at which point
R will display 2:, and so forth. Note that entering an empty line stops the.stars
method is especially handy when you have a column of valags ssored in a text le
or spreadsheet. You may copy and paste them all at:thmompt, andR will store all
of the values instantly in the vectar

3. repeated data; regular patterns: #eg function will generate all sorts of sequences
of numbers. It has the argumeritem, to, by, andlength.out which can be set in
concert with one another. We will do a couple of examples twsyou how it works.

> seq(from = 1, to = 5)

1112345

> seq(from = 2, by = -0.1, length.out = 4)
[1] 2.0 1.9 1.8 1.7

Note that we can get the rst line much quicker with the colgemtor.

> 1:5
1112345

The vectolLETTERS8as the 26 letters of the English alphabet in uppercaséetieds
has all of them in lowercase.

Indexing data vectors Sometimes we do not want the whole vector, but just a piece dfe
can access the intermediate parts with[th@perator. Observe (witk de ned above)

> x[1]

[1] 74

> x[2:4]

[1] 31 95 61

> x[c(1, 3, 4, 8)]

[1] 74 95 61 54

> x[-c(1, 3, 4, 8)]

[1] 31 76 34 23 96

Notice that we used the minus sign to specify those elembkatsite donot want.

> LETTERS[1:5]

[1] "A" "B" "C" "D" "E"

> letters[-(6:24)]

[1] "a" "b" "c" "d" "e" "y" "z"



12 CHAPTER 2. AN INTRODUCTION TOR

2.3.4 Functions and Expressions

A function takes arguments as input and returns an objeaigsib There are functions to do
all sorts of things. We show some examples below.

> x <- 1.5
> sum(x)

[1] 15

> length(x)

[1] 5

> min(x)

1] 1

> mean(x) # sample mean

[1] 3

> sd(x) # sample standard deviation
[1] 1.581139

It will not be long before the user starts to wonder how a palér function is doing its job,
and sinceR is open-source, anybody is free to look under the hood of atifimto see how
things are calculated. For detailed instructions see ti@deafAccessing the Sources” by Uwe
Ligges [6Q]. In short:

1. Type the name of the function without any parenthesesgumaents. If you are lucky
then the code for the entire function will be printed, righéte looking at you. For
instance, suppose that we would like to see howrttersect  function works:

> jntersect

function (X, y)

{

y <- as.vector(y)
unique(y[match(as.vector(x), y, OL)])

}

<environment: namespace:base>

2. If instead it showsJseMethod("something) then you will need to choose tlotassof
the object to be inputted and next look at thethodthat will bedispatchedo the object.
For instance, typingev says

> rev

function (x)
UseMethod("rev")
<environment: namespace:base>
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The output is telling us that there are multiple methods@ased with therev function.
To see what these are, type

> methods(rev)

[1] rev.default rev.dendrogram*

Non-visible functions are asterisked

Now we learn that there are two drentrev(x) functions, only one of which being
chosen at each call depending on wkas. There is one fodendrogram objects and
adefault method for everything else. Simply type the name to see wdat enethod
does. For example, thaefault method can be viewed with

> rev.default

function (x)
if (length(x)) X[length(x):1L] else x
<environment: namespace:base>

3. Some functions are hidden bynamespacésee An Introduction t® [85]), and are not
visible on the rst try. For example, if we try to look at thed® forwilcox.test  (see
Chapterl5) we get the following:

> wilcox.test

function (x, ...)
UseMethod("wilcox.test")
<environment: namespace:stats>

> methods(wilcox.test)

[1] wilcox.test.default* wilcox.test.formula*

Non-visible functions are asterisked

If we were to trywilcox.test.default we would get a “not found” error, because it
is hidden behind the namespace for the paclsiges (shown in the last line when we
tried wilcox.test ). In cases like these we pre x the package name to the frothef
function name with three colons; the commaataits:::wilcox.test.default will
show the source code, omitted here for brevity.

4. If it shows.Internal( something or .Primitive("  something) , then it will be nec-
essary to download the source codeRofwhich isnot a binary version with anexe
extension) and search inside the code there. See Ligge®f more discussion on this.
An example iexp:

> exp

function (x) .Primitive("exp")

Be warned that most of thénternal ~ functions are written in other computer languages
which the beginner may not understand, at least initially.
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2.4 Getting Help

When you are using, it will not take long before you nd yourself needing helpoffunately,
R has extensive help resources and you should immediatebnetamiliar with them. Begin
by clicking Help on Rgui. The following options are available.

N

Console gives useful shortcuts, for instane&yl+L, to clear theR console screen.
FAQ on R: frequently asked questions concerning genRraperation.

FAQ on R for Windows: frequently asked questions abdittailored to the Microsoft
Windows operating system.

Manuals: technical manuals about all features of Bhgystem including installation, the
complete language de nition, and add-on packages.

R functions (text)...: use this if you know th@xactname of the function you want to
know more about, for exampleyeanor plot . Typingmeanin the window is equivalent
to typing help("mean”) at the command line, or more simp§nean Note that this
method only works if the function of interest is containedaipackage that is already
loaded into the search path withrary

HTML Help : use this to browse the manuals with point-and-click linksalso has a
Search Engine & Keywords for searching the help page tiéh, point-and-click links

for the search results. This is possibly the best help metbodeginners. It can be
started from the command line with the comméuedp.start()

Search help..: use this if you do not know the exact name of the function ¢érnn

est, or if the function is in a package that has not been logééd For example, you
may entemplo and a text window will return listing all the help les with aalias, con-
cept, or title matchingplo ' using regular expression matching; it is equivalent targp
help.search("plo”) at the command line. The advantage is that you do not need to
know the exact name of the function; the disadvantage is/tihatannot point-and-click

the results. Therefore, one may wish to use the HTML Helpcdeangine instead. An
equivalent way i€?plo at the command line.

search.r-project.org. . .. this will search for words in help lists and email archivéthe
R Project. It can be very useful for nding other questionsttbéner users have asked.

Apropos. ... use this for more sophisticated partial name matching o€tions. See
?apropos for details.

On the help pages for a function there are sometimes “Exahjpted at the bottom of the
page, which will work if copy-pasted at the command line éssl marked otherwise). The
example function will run the code automatically, skipping the imteediate step. For instance,
we may tryexample(mean)to see a few examples of how theeanfunction works.

2.4.1 R Help Mailing Lists

There are several mailing lists associated WRtland there is a huge community of people that
read and answer questions relatedtdee herdttp://www.r-project.org/mail.html


http://www.r-project.org/mail.html
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for an idea of what is available. Particularly pay attentiothe bottom of the page which lists
several special interest groups (SIGs) related.to

Bear in mind thaR is free software, which means that it was written by volurgeand the
people that frequent the mailing lists are also voluntedrs are not paid by customer support
fees. Consequently, if you want to use the mailing lists feefadvice then you must adhere to
some basic etiquette, or else you may not get a reply, or exeseywyou may receive a reply
which is a bit less cordial than you are used to. Below are actevgiderations:

1. Read the FAQH(ttp://cran.r-project.org/fags.html ). Note that there are dif-
ferent FAQs for di erent operating systems. You should read these now, evaoutia
guestion at the moment, to learn a lot about the idiosynesasiR.

2. Search the archives. Even if your question is not a FAQetlsea very high likelihood
that your question has been asked before on the mailindfligbu want to know about
topic foo, then you can ddrSiteSearch("foo”) to search the mailing list archives
(and the online help) for it.

3. Do a Google search and BSeek.org search.

If your question is not a FAQ, has not been askedrenelp before, and does not yield to a
Google (or alternative) search, then, and only then, shpoldeven consider writing t&-
help. Below are a few additional considerations.

1. Read the posting guide fittp://www.r-project.org/posting-guide.html ) be-
fore posting. This will save you a lot of trouble and pain.

2. Get rid of the command prompts)(from output. Readers of your message will take the
text from your mail and copy-paste into Bsession. If you make the readers' job easier
then it will increase the likelihood of a response.

3. Questions are often related to a speci c data set, anddgkevway to communicate the
data is with adumpcommand. For instance, if your question involves data dtorea
vectorx, you can typelump("x",") atthe command prompt and copy-paste the output
into the body of your email message. Then the reader mayeagpl/-paste the message
from your email intoR andx will be available to hinfher.

4. Sometimes the answer the question is related to the ampgesatstem used, the attached
packages, or the exact versionRbeing used. Theessioninfo() command collects
all of this information to be copy-pasted into an email (ahd Posting Guide requests
this information). See Appendi for an example.

2.5 External Resources

There is a mountain of information on the Internet abRuBelow are a few of the important
ones.

The R Project for Statistical Computing: (http://www.r-project.org/ ) Go here rst.

The ComprehensiveR Archive Network: (http://cran.r-project.org/ ) This is where
R is stored along with thousands of contributed packagesreTée also loads of con-
tributed information (books, tutorialgtc). There are mirrors all over the world with
duplicate information.


http://cran.r-project.org/faqs.html
http://www.r-project.org/posting-guide.html
http://www.r-project.org/
http://cran.r-project.org/
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R-Forge: (http://r-forge.r-project.org/ ) This is another location wheie packages
are stored. Here you can nd development code which has niobgen released to
CRAN.

R Wiki:  (http://wiki.r-project.org/rwiki/doku.php ) There are many tips and tricks
listed here. If you nd a trick of your own, login and share iittwthe world.

Other: theR Graph Gallerylgttp://addictedtor.free.fr/graphiques/ ) andR Graph-
ical Manual pttp://bm2.genes.nig.ac.jp/RGM2/index.php ) have literally thou-
sands of graphs to perusBSeek http://www.rseek.org ) is a search engine based
on Google speci cally tailored foR queries.

2.6 Other Tips

It is unnecessary to retype commands repeatedly, #ne@members what you have recently
entered on the command line. On the MicrosoWindowsRGui, to cycle through the previous
commands just push the(up arrow) key. On EmadsSS the command -p (which means
hold down theAlt button and pressg”). More generally, the commartastory()  will show

a whole list of recently entered commands.

N

To nd out what all variables are in the current work envirogmh, use the commands
objects() orls() . These list all available objects in the workspace. If yostwio
remove one or more variables, usgnove(varl, var2, var3) , or more simply use
rm(varl, var2, var3) ,and toremove all objects usa(list = Is())

Another use otcan is when you have a long list of numbers (separated by spaaas or
di erent lines) already typed somewhere else, say in a textTéeenter all the data in
one fell swoop, rst highlight and copy the list of numbersttee Clipboard withEdit .
Copy (or by right-clicking and selectinGopy). Next type thex <-scan() command
in theR console, and paste the numbers atthgrompt withEdit . Paste. All of the
numbers will automatically be entered into the vector

The commandCtrl+l clears the screen in the MicrosoftWindowsRGui. The compa-
rable command for EmatsSS is

Once you us® for awhile there may be some commands that you wish to rumzatie
cally wheneveR starts. These commands may be saved in a le callpubfile.site

which is usually in theetc folder, which lives in theR home directory (which on
Microsoftr Windows usually isC:\Program Files\R ). Alternatively, you can make a
le .Rprofile to be stored in the user's home directory, or anywhirereinvoked. This
allows for multiple con gurations for dierent projects or users. See “Customizing the
Environment” ofAn Introduction toR for more details.

When exitingR the user is given the option to “save the workspace”. | recemufrthat
beginners DO NOT save the workspace when quittingYel is selected, then all of
the objects and data currently Ris memory is saved in a le located in the working
directory called.RData. This le is then automatically loaded the next tinkRestarts
(in which caseR will say [previously saved workspace restored] ). Thisis a
valuable feature for experienced userdphbut | nd that it causes more trouble than it
saves with beginners.


http://r-forge.r-project.org/
http://wiki.r-project.org/rwiki/doku.php
http://addictedtor.free.fr/graphiques/
http://bm2.genes.nig.ac.jp/RGM2/index.php
http://www.rseek.org

2.6. OTHER TIPS

Chapter Exercises
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Chapter 3

Data Description

In this chapter we introduce the dirent types of data that a statistician is likely to encounte
and in each subsection we give some examples of how to didpdadata of that particular type.
Once we see how to display data distributions, we next initedhe basic properties of data
distributions. We qualitatively explore several data séisce that we have intuitive properties
of data sets, we next discuss how we may numerically measuree@scribe those properties
with descriptive statistics.

What do | want them to know?

" di erent data types, such as quantitative versus qualitatorajnal versus ordinal, and
discrete versus continuous

basic graphical displays for assorted data types, and sbtheio(dis)advantages

fundamental properties of data distributions, includiegter, spread, shape, and crazy
observations

" methods to describe data (visudaiymerically) with respect to the properties, and how
the methods dier depending on the data type

~ all of the above in the context of grouped data, and in pdercthe concept of a factor

3.1 Types of Data

Loosely speaking, a datum is any piece of collected infolonaeand a data set is a collection
of data related to each other in some way. We will categorata ohto ve types and describe
each in turn:

Quantitative data associated with a measurement of some quantity on amalisnal unit,
Qualitative data associated with some quality or property of the obsena unit,

Logical data to represent true or false and which play an importaetater,

Missing data that should be there but are not, and

Other types everything else under the sun.

In each subsection we look at some examples of the type iniqoesd introduce methods to
display them.

19
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3.1.1 Quantitative data

Quantitative data are any data that measure or are assbwiittea measurement of the quantity
of something. They invariably assume numerical values. nfiative data can be further
subdivided into two categories.

" Discrete datatake values in a nite or countably in nite set of numbersaths, all
possible values could (at least in principle) be written daman ordered list. Examples
include: counts, number of arrivals, or number of succesEesy are often represented
by integers, say, 0, 1, 2fc.

Continuous datdake values in an interval of numbers. These are also knovecas
data, interval data, or measurement data. Examples indhaight, weight, length, time,
etc Continuous data are often characterized by fractions anu#s: 3.82, 7.0001, %
etc.

Note that the distinction between discrete and continuatia i$ not always clear-cut. Some-
times it is convenient to treat data as if they were contisy@ven though strictly speaking
they are not continuous. See the examples.

Example 3.1. Annual Precipitation in US Cities.The vectoprecip contains average amount
of rainfall (in inches) for each of 70 cities in the United &&and Puerto Rico. Let us take a
look at the data:

> str(precip)

Named num [1:70] 67 54.7 7 48.5 14 17.2 20.7 13 43.4 40.2 ...
- attr(*, "names")= chr [1:70] "Mobile" "Juneau” "Phoenix" "Little Rock" ...

> precip[1:4]

Mobile Juneau Phoenix Little Rock
67.0 54.7 7.0 48.5

The output shows thairecip is a numeric vector which has beeamed that is, each
value has a name associated with it (which can be set witmangesfunction). These are
guantitative continuous data.

Example 3.2. Lengths of Major North American Rivers. The U.S. Geological Survey
recorded the lengths (in miles) of several rivers in Northekita. They are stored in the
vectorrivers in thedatasets package (which ships with ba&y. See?rivers . Let us take
a look at the data with thstr function.

> str(rivers)

num [1:141] 735 320 325 392 524 ...

The output says thaivers is a numeric vector of length 141, and the rst few values are
735, 320, 325¢tc. These data are de nitely quantitative and it appears thanteasurements
have been rounded to the nearest mile. Thus, strictly spgattiese are discrete data. But we
will nd it convenient later to take data like these to be dombus for some of our statistical
procedures.
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Example 3.3. Yearly Numbers of Important DiscoveriesThe vectodiscoveries contains
numbers of “great” inventioridiscoveries in each year from 1860 to 1959, as reported by the
1975 World Almanac. Let us take a look at the data:

> str(discoveries)

Time-Series [1:100] from 1860 to 1959: 5302032361 ..
> discoveries[1:4]

[1] 5302

The output is telling us thatiscoveries is atime seriegsee Sectior3.1.5for more) of
length 100. The entries are integers, and since they ragresants this is a good example of
discrete quantitative data. We will take a closer look inftiilwing sections.

Displaying Quantitative Data

One of the rst things to do when confronted by quantitatiatad(or any data, for that matter)
is to make some sort of visual display to gain some insiglatihé data's structure. There are
almost as many display types from which to choose as theréadaesets to plot. We describe
some of the more popular alternatives.

Strip charts (also known as Dot plots) These can be used for discrete or continuous data,
and usually look best when the data set is not too large. Aloatorizontal axis is a numerical
scale above which the data values are plotted. We can d®itith a call to thestripchart
function. There are three available methods.

overplot plots ties covering each other. This method is good to dyspidy the distinct values
assumed by the data set.

jitter adds some noise to the data in thelirection in which case the data values are not
covered up by ties.

stack plots repeated values stacked on top of one another. Thiwahet best used for discrete
data with a lot of ties; if there are no repeats then this netbadentical to overplot.

See Figure8.1.1, which is produced by the following code.

> stripchart(precip, xlab = "rainfall”)
> stripchart(rivers, method = 'jitter", xlab = "length")
> stripchart(discoveries, method = "stack”, xlab = "number ")

The leftmost graph is a strip chart of theecip data. The graph shows tightly clustered
values in the middle with some others falling balanced ohegiside, with perhaps slightly
more falling to the left. Later we will call this a symmetricsttibution, see SectioB.2.3 The
middle graph is of theivers data, a vector of length 141. There are several repeateds/alu
in the rivers data, and if we were to use the overplot methodvegld lose some of them in
the display. This plot shows a what we will later call a righewed shape with perhaps some
extreme values on the far right of the display. The third gragip chartsdiscoveries data
which are literally a textbook example of a right skewedrdsition.

TheDOTplot function in theUsingR package §6] is another alternative.
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Figure 3.1.1: Strip charts of thgrecip , rivers , anddiscoveries data

The rst graph uses theverplot method, the second thiater  method, and the third thstack
method.
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Figure 3.1.2: (Relative) frequency histograms of pinecip data

Histogram These are typically used for continuous data. A histogracomstructed by rst
deciding on a set of classes, or bins, which partition thelieainto a set of boxes into which
the data values fall. Then vertical bars are drawn over the With height proportional to the
number of observations that fell into the bin.

These are one of the most common summary displays, and teeyftan misidenti ed as
“Bar Graphs” (see below.) The scale on thexis can be frequency, percentage, or density
(relative frequency). The term histogram was coined by Radrson in 1891, seé€].

Example 3.4. Annual Precipitation in US Cities. We are going to take another look at the
precip data that we investigated earlier. The strip chart in Fidlifel suggested a loosely
balanced distribution; let us now look to see what a histogsays.

There are many ways to plot histogramsRn and one of the easiest is with tiést
function. The following code produces the plots in Fig8ré.2

> hist(precip, main = ")
> hist(precip, freq = FALSE, main = ™)

Notice the argumenmain = ", which suppresses the main title from being displayed
— it would have said “Histogram gbrecip ” otherwise. The plot on the left is a frequency
histogram (the default), and the plot on the right is a reéafrequency histogranfréq =
FALSE

Please be careful regarding the biggest weakness of hestegithe graph obtained strongly
depends on the bins chosen. Choose another set of bins, andliyget a di erent histogram.
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Figure 3.1.3: More histograms of tipeecip data

Moreover, there are not any de nitive criteria by which bsteould be de ned; the best choice
for a given data set is the one which illuminates the data setterlying structure (if any).
Luckily for us there are algorithms to automatically chobses that are likely to display well,
and more often than not the default bins do a good job. Thigtialways the case, however, and
a responsible statistician will investigate many bin cheito test the stability of the display.

Example 3.5. Recall that the strip chart in Figu@1.1suggested a relatively balanced shape
to theprecip data distribution. Watch what happens when we change trsestigghtly (with
thebreaks argument tdist ). See Figure.1.3which was produced by the following code.

> hist(precip, breaks = 10, main = ")
> hist(precip, breaks = 200, main = ™)

The leftmost graph (witlbreaks = 10) shows that the distribution is not balanced at all.
There are two humps: a big one in the middle and a smaller otieetteft. Graphs like this
often indicate some underlying group structure to the dagacould now investigate whether
the cities for which rainfall was measured were similar imgovay, with respect to geographic
region, for example.

The rightmost graph in Figur8.1.3shows what happens when the number of bins is too
large: the histogram is too grainy and hides the roundedappee of the earlier histograms.
If we were to continue increasing the number of bins we woukhéually get all observed bins
to have exactly one element, which is nothing more than a gtbstrip chart.
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Stemplots (more to be said in Sectio.4) Stemplots have two basic pargemsandleaves
The nal digit of the data values is taken to béemf, and the leading digit(s) is (are) taken to
bestems We draw a vertical line, and to the left of the line we list #tems. To the right of the
line, we list the leaves beside their corresponding stenerd kvill typically be several leaves
for each stem, in which case the leaves accumulate to the fiigis sometimes necessary to
round the data values, especially for larger data sets.

Example 3.6. UKDriverDeaths is a time series that contains the total car drivers killed or
seriously injured in Great Britain monthly from Jan 1969 ®d1984. Se@UKDriverDeaths.
Compulsory seat belt use was introduced on January 31, M83onstruct a stem and leaf
diagram inR with thestem.leaf function from theaplpack package92].

> library(aplpack)
> stem.leaf(UKDriverDeaths, depth = FALSE)

1 | 2: represents 120

leaf unit: 10
n: 192
10 | 57
11 | 136678
12 | 123889

13 | 0255666888899

14 | 00001222344444555556667788889

15 | 0000111112222223444455555566677779
16 | 01222333444445555555678888889

17 | 11233344566667799

18 | 00011235568

19 | 01234455667799

20 | 0000113557788899

21 | 145599
22 | 013467
23 |9
24 | 7

HI: 2654

The display shows a more or less balanced mound-shapeithdligtn, with one or maybe
two humps, a big one and a smaller one just to its right. Nadéttie data have been rounded
to the tens place so that each datum gets only one leaf togihieaf the dividing line.

Notice that thedepth s have been suppressed. To learn more about this option amg ma
others, see Sectidh4. Unlike a histogram, the original data values may be re@x/&om the
stemplot display — modulo the rounding — that is, startimgrfrthe top and working down we
can read o the data values 1050, 1070, 1110, 11&@,

Index plot Done with theplot function. These are good for plotting data which are ordered
for example, when the data are measured over time. Thakiggihobservation was measured
at time 1, the second at time&c It is a two dimensional plot, in which the index (or time) is
the x variable and the measured value is yhariable. There are several plotting methods for
index plots, and we discuss two of them:
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spikes: draws a vertical line from the-axis to the observation heighype = "h" ).
points: plots a simple point at the observation heiglgpé = "p" ).

Example 3.7. Level of Lake Huron 1875-1972Brockwell and Davis 11] give the annual
measurements of the level (in feet) of Lake Huron from 188521 The data are stored in the
time seried akeHuron. See?LakeHuron Figure3.1.4was produced with the following code:

> plot(LakeHuron, type = "h")
> plot(LakeHuron, type = "p")

The plots show an overall decreasing trend to the obsengtamd there appears to be some
seasonal variation that increases over time.

3.1.2 Qualitative Data, Categorical Data, and Factors

Qualitative data are simply any type of data that are not mioaleor do not represent numerical
guantities. Examples of qualitative variables include bjett's name, gender, raethnicity,
political party, socioeconomic status, class rank, disviezense number, and social security
number (SSN).

Please bear in mind that some ditak to be quantitative but aneot, because they do not
represent numerical quantities and do not obey mathenhatiless. For example, a person's
shoe size is typically written with numbers: 8, or 9, or 1218¢. Shoe size is not quantitative,
however, because if we take a size 8 and combine with a sizeddwet get a size 17.

Some qualitative data serve merely iteentify the observation (such a subject's name,
driver's license number, or SSN). This type of data does soilly play much of a role in
statistics. But other qualitative variables servsubdividethe data set into categories; we call
thesefactors In the above examples, gender, race, political party, astbeconomic status
would be considered factors (shoe size would be another dine)possible values of a factor
are called itdevels For instance, the fact@genderwould have two levels, namely, male and
female. Socioeconomic status typically has three levedg1,imiddle, and low.

Factors may be of two typestominalandordinal. Nominal factors have levels that cor-
respond to names of the categories, with no implied orderBxgpmples of nominal factors
would be hair color, gender, race, or political party. Thieneo natural ordering to “Democrat”
and “Republican”; the categories are just names assoaiatbdli erent groups of people.

In contrast, ordinal factors have some sort of ordered strado the underlying factor
levels. For instance, socioeconomic status would be amalrdategorical variable because
the levels correspond to ranks associated with income,atidne and occupation. Another
example of ordinal categorical data would be class rank.

Factors have special status i They are represented internally by numbers, but even
when they are written numerically their values do not conary numeric meaning or obey
any mathematical rules (that is, Stage Ill cancer is not&Stagncer Stage Il cancer).

Example 3.8. Thestate.abb vector gives the two letter postal abbreviations for all &es.

> str(state.abb)
chr [1:50] "AL" "AK" "AZ" "AR" "CA" "CO" "CT" "DE" ...

These would be ID data. Thstate.name vector lists all of the complete names and those
data would also be ID.
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Example 3.9. U.S. State Facts and FeaturesThe U.S. Department of Commerce of the
U.S. Census Bureau releases all sorts of information irStlagistical Abstract of the United
Statesand thestate.region  data lists each of the 50 states and the region to which itigslo
be it Northeast, South, North Central, or West. 3site.region

> str(state.region)
Factor w/ 4 levels "Northeast","South",... 2 4 4 2 441222 ..
> state.region[1:5]

[1] South West West South West
Levels: Northeast South North Central West

Thestr output shows thadtate.region s already stored internally as a factor and it lists
a couple of the factor levels. To see all of the levels we pdrihe rst ve entries of the vector
in the second line.need to print a piece of the from

Displaying Qualitative Data

Tables One of the best ways to summarize qualitative data is witlbke @f the data values.
We may count frequencies with tiable function or list proportions with therop.table
function (whose input is a frequency table). In €ommander you can do it withtatistics .
Frequency Distribution. ... Alternatively, to look at tables for all factors in tihetive data

set you can ddStatistics . Summaries . Active Dataset.

> Tbl <- table(state.division)
> Tbl # frequencies

state.division
New England Middle Atlantic South Atlantic

6 3 8
East South Central West South Central East North Central
4 4 5
West North Central Mountain Pacific
7 8 5
> Thbl/sum(Tbl) # relative frequencies
state.division
New England Middle Atlantic South Atlantic
0.12 0.06 0.16
East South Central West South Central East North Central
0.08 0.08 0.10
West North Central Mountain Pacific
0.14 0.16 0.10

> prop.table(Tbl)  # same thing
state.division

New England Middle Atlantic South Atlantic
0.12 0.06 0.16

East South Central West South Central East North Central
0.08 0.08 0.10

West North Central Mountain Pacific

0.14 0.16 0.10
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Figure 3.1.5: Bar graphs of tistate.region  data

The left graph is a frequency barplot made wible and the right is a relative frequency barplot made
with prop.table .

Bar Graphs A bar graph is the analogue of a histogram for categorical.dAtbar is dis-
played for each level of a factor, with the heights of the Iprcgortional to the frequencies of
observations falling in the respective categories. A diaathge of bar graphs is that the levels
are ordered alphabetically (by default), which may somesimbscure patterns in the display.

Example 3.10. U.S. State Facts and FeatureShestate.region data lists each of the 50
states and the region to which it belongs, be it Northeastflf§dNorth Central, or West. See
?state.region . It is already stored internally as a factor. We make a baplgmith the
barplot function:

> barplot(table(state.region), cex.names = 0.5)
> barplot(prop.table(table(state.region)), cex.names = 0.5)

See Figure8.1.5 The display on the left is a frequency bar graph becausg #xes shows
counts, while the display on the left is a relative frequebey graph. The only dierence
between the two is the scale. Looking at the graph we seehltbahgjority of the fty states
are in the South, followed by West, North Central, and ndNgrtheast. Over 30% of the
states are in the South.

Notice thecex.names argument that we used, above. It shrinks the names oxdhis by
50% which makes them easier to read. 3pear for a detailed list of additional plot parameters.
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Pareto Diagrams A pareto diagram is a lot like a bar graph except the bars ameaieged
such that they decrease in height going from left to righte Téarrangement is handy because
it can visually reveal structure (if any) in how fast the bdesrease — this is much more diult
when the bars are jumbled.

Example 3.11.U.S. State Facts and Features. Fhage.division data record the division
(New England, Middle Atlantic, South Atlantic, East Soutarral, West South Central, East
North Central, West North Central, Mountain, and Paci c)tbé fty states. We can make
a pareto diagram with either tHeemdrPlugin.IPSUR package or with thepareto.chart
function from theqcc packageT7]. See Figure3.1.6 The code follows.

> library(qcc)
> pareto.chart(table(state.division), ylab = "Frequency ")

Dot Charts These are a lot like a bar graph that has been turned on itsnsildeghe bars
replaced by dots on horizontal lines. They do not convey aagen(or less) information than
the associated bar graph, but the strength lies in the ecpdrtine display. Dot charts are

SO compact that it is easy to graph very complicated muliiatéde interactions together in
one graph. See Sectid6. We will give an example here using the same data as above for
comparison. The graph was produced by the following code.

> x <- table(state.region)
> dotchart(as.vector(x), labels = names(x))

See Figure3.1.7. Compare it to Figur8.1.5

Pie Graphs These can be done with and theR Commander, but they fallen out of favor in
recent years because researchers have determined thatikehduman eye is good at judging
linear measures, it is notoriously bad at judging relatieaa (such as those displayed by a pie
graph). Pie charts are consequently a very bad way of disglagformation. A bar chart or
dot chart is a preferable way of displaying qualitative d&ee?pie for more information.

We are not going to do any examples of a pie graph and discetinagy use elsewhere.

3.1.3 Logical Data

There is another type of information recognizedmyvhich does not fall into the above cat-
egories. The value is eithdRUEor FALSEnote that equivalently you can ude= TRUE
0 = FALSE Here is an example of a logical vector:

> x <- 5:9

>y <-(x <73

>y

[1] TRUE TRUE TRUE FALSE FALSE

Many functions inR have options that the user may or may not want to activateen th
function call. For example, thetem.leaf function has thelepths argument which iS§RUE
by default. We saw in Sectidd.1.1how to turn the option o, simply enterstem.leaf(x,
depths = FALSE)and they will not be shown on the display.

We can swaff RURith FALSEwith the exclamation poinit.
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Package ' gcc', version 2.0.1
Type ' citation("gcc”) ' for citing this R package in publications.

Pareto chart analysis for table(state.division)
Frequency Cum.Freq. Percentage Cum.Percent.

Mountain 8 8 16 16
South Atlantic 8 16 16 32
West North Central 7 23 14 46
New England 6 29 12 58
Pacific 5 34 10 68
East North Central 5 39 10 78
West South Central 4 43 8 86
East South Central 4 47 8 94
Middle Atlantic 3 50 6 100
Pareto Chart for table(state.division)
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Figure 3.1.6: Pareto chart of tiseate.division data
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Figure 3.1.7: Dot chart of thetate.region  data

> !y
[1] FALSE FALSE FALSE TRUE TRUE

3.1.4 Missing Data

Missing data are a persistent and prevalent problem in meatistical analyses, especially
those associated with the social sciencBsreserves the special symbigAto representing
missing data.

Ordinary arithmetic witiNAvalues giveNAs (addition, subtractionetc) and applying a
function to a vector that has &bhAin it will usually give anNA

>x <-¢3, 7 NA 4, 7)
>y <-c¢05 NA 1, 2, 2)
> X +y

[1] 8 NANA 6 O

Some functions havera.rm argument which wheiRUERuvill ignore missing data as if it
were not there (such aseanvar, sd, IQR mad...).

> sum(x)
[1] NA
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> sum(x, na.rm = TRUE)
[1] 21
Other functions do not haverea.rm argument and will returiAor an error if the argument

hasNA. In those cases we can nd the locations of Bidy with theis.na function and remove
those cases with tH¢ operator.

> is.na(x)

[1] FALSE FALSE TRUE FALSE FALSE

> z <- X[lis.na(x)]
> sum(z)

[1] 21

The analogue oi.na for rectangular data sets (or data frames) isdtvplete.cases
function. See Appendik.4.

3.1.5 Other Data Types

3.2 Features of Data Distributions

Given that the data have been appropriately displayed,gkestep is to try to identify salient
features represented in the graph. The acronym to remeraliggnter, Unusual features,
Spread, andghape. (CUSS).

3.2.1 Center

One of the most basic features of a data set is its center.elypspgeaking, the center of a data
set is associated with a number that represents a middlenergledendency of the data. Of
course, there are usually several values that would seraeaster, and our later tasks will be
focused on choosing an appropriate one for the data at hadding from the histogram that

we saw in Figure3.1.3 a measure of center would be about 35.

3.2.2 Spread

The spread of a data set is associated with its variabilaya dets with a large spread tend to
cover a large interval of values, while data sets with snpakad tend to cluster tightly around
a central value.

3.2.3 Shape

When we speak of thehapeof a data set, we are usually referring to the shape exhibyed
an associated graphical display, such as a histogram. Tdpestan tell us a lot about any
underlying structure to the data, and can help us decidehngtatistical procedure we should
use to analyze them.
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Symmetry and Skewness A distribution is said to beight-skewed(or positively skewed

if the right tail seems to be stretched from the centerlefxskewedor negatively skewgd
distribution is stretched to the left side. A symmetric dizition has a graph that is balanced
about its center, in the sense that half of the graph may bected about a central line of
symmetry to match the other half.

We have already encountered skewed distributions: bothdifeveries data in Figure
3.1.1and the precip data in Figuf1.3appear right-skewed. THgKDriverDeaths data in
Example3.6 is relatively symmetric (but note the one extreme value 2igfefhti ed at the
bottom of the stemplot).

Kurtosis Another component to the shape of a distribution is how “peakt is. Some dis-
tributions tend to have a at shape with thin tails. Theseaakedplatykurtic and an example
of a platykurtic distribution is the uniform distributiosge Sectio6.2 On the other end of
the spectrum are distributions with a steep peak, or spikrapanied by heavy tails; these
are calledeptokurtic Examples of leptokurtic distributions are the Laplacerthation and
the logistic distribution. See Secti@b5. In between are distributions (callegesokurtig with

a rounded peak and moderately sized tails. The standardpdxaina mesokurtic distribution
is the famous bell-shaped curve, also known as the Gaussiawormal, distribution, and the
binomial distribution can be mesokurtic for speci ¢ chasaaf p. See SectionS.3and6.3.

3.2.4 Clusters and Gaps

Clusters or gaps are sometimes observed in quantitative diatributions. They indicate
clumping of the data about distinct values, and gaps may erisveen clusters. Clusters
often suggest an underlying grouping to the data. For exant@ke a look at thé&ithful

data which contains the duration efuptions and thewaiting time between eruptions of
the Old Faithful geyser in Yellowstone National Park. (D¢ e frightened by the complicated
information at the left of the display for now; we will learlw to interpret it in Sectio.4).

> library(aplpack)
> stem.leaf(faithful$eruptions)

1| 2: represents 1.2
leaf unit: 0.1
n: 272
12 S | 667777777777
51 1. | 888888888888888888888888888899999999999
71 2* | 00000000000011111111
87 t | 2222222222333333
92 f | 44444

94 s | 66
97 2. | 889
98 3% |0

102 t | 3333

108 f | 445555

118 s | 6666677777

(16) 3. | 8888888889999999

138 4* | 0000000000000000111111111111111
107 t | 22222222222233333333333333333
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78 f | 44444444444445555555555555555555555
43 s | 6666666666677777777777

21 4. | 83888888888899999

4 5% | 0001

There are de nitely two clusters of data here; an upper elushd a lower cluster.

3.2.5 Extreme Observations and other Unusual Features

Extreme observations fall far from the rest of the data. Suudervations are troublesome to
many statistical procedures; they cause exaggeratedatdstrand instability. It is important to
identify extreme observations and examine the source afdteemore closely. There are many
possible reasons underlying an extreme observation:

" Maybe the value is a typographical error. Especially with large data sets becoming
more prevalent, many of which being recorded by hand, mestake a common problem.
After closer scrutiny, these can often be xed.

Maybe the observation was not meant for the studybecause it does not belong to the
population of interest. For example, in medical researchessubjects may have relevant
complications in their genealogical history that woulderout their participation in the
experiment. Or when a manufacturing company investigateptoperties of one of its
devices, perhaps a particular product is malfunctioning)iamot representative of the
majority of the items.

Maybe it indicates a deeper trend or phenomenonMany of the most in uential sci-
enti ¢ discoveries were made when the investigator not@edinexpected result, a value
that was not predicted by the classical theory. Albert Eimst_ouis Pasteur, and others
built their careers on exactly this circumstance.

3.3 Descriptive Statistics

3.3.1 Frequencies and Relative Frequencies

These are used for categorical data. The idea is that ther@@aimber of dierent categories,
and we would like to get some idea about how the categoriegpresented in the population.
For example, we may want to see how the

3.3.2 Measures of Center

Thesample mears denote (read “x-bar”) and is simply the arithmetic average of the obser-
vations:
X1+ X+  + X _ 1%

n n iz1

X = Xi: (3.3.1)

" Good: natural, easy to compute, has nice mathematical grepe

~ Bad: sensitive to extreme values
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It is appropriate for use with data sets that are not highéynsd without extreme observations.
The sample medians another popular measure of center and is dengte@io"calculate
its value, rst sort the data into an increasing sequenceuoiflmers. If the data set has an odd
number of observations thenis the value of the middle observation, which lies in positio
(n + 1)=2; otherwise, there are two middle observations ansithe average of those middle

values.

" Good: resistant to extreme values, easy to describe
" Bad: not as mathematically tractable, need to sort the dataltulate

One desirable property of the sample median is that it ist&si to extreme observations, in
the sense that the value wfdépends only the values of the middle observations, andiie qu
una ected by the actual values of the outer observations in tthered list. The same cannot
be said for the sample mean. Any signi cant changes in thenmtagde of an observatior,
results in a corresponding change in the value of the meancé{¢he sample mean is said to
be sensitive to extreme observations.

Thetrimmed mearns a measure designed to address the sensitivity of the samgsn to
extreme observations. The idea is to “trim” a fraction (léssn 12) of the observations o
each end of the ordered list, and then calculate the sampd@ miewhat remains. We will
denote it byXi-o.0s.

" Good: resistant to extreme values, shares nice statiptioperties

~ Bad: need to sort the data

3.3.3 HowtodoitwithR

" You can calculate frequencies or relative frequencies thigtable function, and rela-
tive frequencies witlprop.table(table())

” You can calculate the sample mean of a data vecteith the commananean(x).
" You can calculate the sample mediarxafith the commananedian(x) .

~ You can calculate the trimmed mean with then argumentmean(x, trim = 0.05)

3.3.4 Order Statistics and the Sample Quantiles

A common rst step in an analysis of a data set is to sort theesl Given a data set, X,
... %n, We may sort the values to obtain an increasing sequence

Xy X2 X@ X(r) (3.3.2)

and the resulting values are called threler statistics Thek™ entry in the list,xy, is thek™"
order statistic, and approximately 1@6()% of the observations fall belowy,. The order
statistics give an indication of the shape of the data tistion, in the sense that a person can
look at the order statistics and have an idea about whereattaeade concentrated, and where
they are sparse.

The sample quantileare related to the order statistics. Unfortunately, theneat a uni-
versally accepted de nition of them. Indeed,is equipped to calculate quantiles using nine
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distinct de nitions! We will describe the default methagfe = 7), but the interested reader
can see the details for the other methods Wihantile .

Suppose the data set hasbservations. Find the sample quantile of orddd < p < 1),
denotedy; , as follows:

First step: sort the data to obtain the order statistgs, X2), - - - Xn)-

Second step:calculate § 1)p + 1 and write it in the fornmk:d, wherek is an integer and is
a decimal.

Third step: The sample quantilg,’is
Op = Xp + d(Xuryy  Xw): (3.3.3)

The interpretation of), is that approximately 18 of the data fall below the valug, ~

Keep in mind that there is not a unique de nition of percesyjl quartilesetc. Open a
di erent book, and you'll nd a dierent procedure. The derence is small and seldom plays
a role except in small data sets with repeated values. Infaxst people do not even notice in
common use.

Clearly, the most popular sample quantilgdso, also known as the sample medianThe
closest runners-up are thst quartile do.25 and thethird quartile §o.75 (the second quatrtiles
the median).

3.3.5 HowtodoitwithR

At the command prompt We can nd the order statistics of a data set stored in a vector
with the commandort(x)

You can calculate the sample quantiles of any oplehere O< p < 1 for a data set stored
in a data vectox with the quantile function, for instance, the commarmgiantile(x,
probs = c(0, 0.25, 0.37))  will return the smallest observation, the rst quartilg.s,
and the 37th sample quantilgys7. Ford, simply change the values in tipgobs argument to
the valuep.

With the R Commander In Rcmdrwe can nd the order statistics of a variable in the
Active data set by doingData . Manage variables in Active data set... . Compute
new variable. ... In the Expression to compute dialog simply typesort(varname) , where
varnameis the variable that it is desired to sort.

In Rcmdr we can calculate the sample quantiles for a particulaabéiwith the sequence
Statistics . Summaries . Numerical Summaries. ... We can automatically calculate the quar-
tiles for all variables in thé\ctive data set with the sequenc8tatistics . Summaries .
Active Dataset.

3.3.6 Measures of Spread

Sample Variance and Standard Deviation Thesample variancés denoteds® and is calcu-
lated with the formula
1 X
g=— (x %= (3.3.4)
n 1 i=1
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o P— iy : . :
The sample standard deviatios s = = . Intuitively, the sample variance is approximately
the average squared distance of the observations from tmglesanean. The sample standard
deviation is used to scale the estimate back to the measotemiés of the original data.

" Good: tractable, has nice mathematistatistical properties

N

Bad: sensitive to extreme values

We will spend a lot of time with the variance and standard a&wn in the coming chapters.
In the meantime, the following two rules give some meanintheostandard deviation, in that
there are bounds on how much of the data can fall past a celissance from the mean.

Fact 3.12. Chebychev's Rule: The proportion of observations withitakhdard deviations of
the meanis at least 1=k?, i.e, at least 75%, 89%, and 94% of the data are within 2, 3, and
4 standard deviations of the mean, respectively.

Note that Chebychev's Rule does not say anything about Whef, because 1 1=1? = 0,
which states that at least 0% of the observations are witténstandard deviation of the mean
(which is not saying much).

Chebychev's Rule applies to any data distributiany list of numbers, no matter where it
came from or what the histogram looks like. The price for sgeherality is that the bounds
are not very tight; if we know more about how the data are sthéipen we can say more about
how much of the data can fall a given distance from the mean.

Fact 3.13. Empirical Rule: If data follow a bell-shaped curve, then eppmately 68%, 95%,
and 99.7% of the data are within 1, 2, and 3 standard deviatiofithe mean, respectively.

Interquartile Range Just as the sample mean is sensitive to extreme values, asdbeiated
measure of spread is similarly sensitive to extremes. Eyrthe problem is exacerbated by the
fact that the extreme distances are squared. We know thaathele quartiles are resistant
to extremes, and a measure of spread associated with thdrairggrquartile range(IQR)

de ned byIQR = Qo7s Qo:s.
" Good: stable, resistant to outliers, robust to nonnoryaasy to explain

~ Bad: not as tractable, need to sort the data, only involvestiddle 50% of the data.

Median Absolute Deviation A measure even more robust than tigR is themedian abso-
lute deviation(MAD). To calculate it we rst get the media® next theabsolute deviations
X X, % X, ...,j% Xj, and theMAD is proportional to the median of those deviations:

MAD / medianfx; Xj; jX X;::5:%  X): (3.3.5)

That is, theMAD = ¢ medianfx; Xj; jXo X;:::;jX, X)), wherec is a constant chosen so
that theMAD has nice properties. The value ©fn R is by defaultc = 1:4286. This value

is chosen to ensure that the estimator ak correct, on the average, under suitable sampling
assumptions (see Sectir).

" Good: stable, very robust, even more so than Q.

" Bad: not tractable, not well known and less easy to explain.
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Comparing Apples to Apples

We have seen three dérent measures of spread which, for a given data set, wdl tfivee

di erent answers. Which one should we use? It depends on theetatt the data are well
behaved, with an approximate bell-shaped distributicen thhe sample mean and sample stan-
dard deviation are natural choices with nice mathematicggrties. However, if the data have
an unusual or skewed shape with several extreme valuesaggethe more resistant choices
among thd QR or MAD would be more appropriate.

However, once we are looking at the three numbers it is ingpoitio understand that the
estimators are not all measuring the same quantity, on #rage. In particular, it can be shown
that when the data follow an approximately bell-shapedidistion, then on the average, the
sample standard deviatianand theMAD will be the approximately the same value, namely,

, but thel QR will be on the average 1.349 times larger ttseend theMAD. See8 for more
details.

3.3.7 HowtodoitwithR

Atthe command prompt From the console we may compute the sample rangeraiittpe (x)
and the sample variance witlar(x) , wherex is a numeric vector. The sample standard devi-
ation issgrt(var(x))  orjustsd(x) . ThelQRIis IQR(x) and the median absolute deviation
is mad(x).

In R Commander In Rcmdrwe can calculate the sample standard deviation witlSthts-
tics . Summaries . Numerical Summaries. .. combinationR Commander does not calculate
thelQR or MAD in any of the menu selections, by default.

3.3.8 Measures of Shape

Sample Skewness Thesample skewnesdenoted byg,, is de ned by the formula

P
1 L %°

O = - < : (3.3.6)
The sample skewness can be any value< g; < 1 . The sign ofg; indicates the direction of
skewness of the distribution. Samples that hgve 0 indicate right-skewed distributions (or
positively skewed), and samples wigh < O indicate left-skewed distributions (or negatively
skewed). Values 0§, near zero indicate a symmetric distribution. These are aad land
fast rules, however. The value ¢f is subject to sampling variability and thus only provides a
suggestion to the skewness of the underlying distribution.

We still need to know how big is “big”, that is, how do we judgbether an observed value
of g, is far enough away from zero for the data set to be consid exl to the right or
left? A good rule of thumb is that data sets with skewnesselatigan 2 6= in magnitude
are substantially skewed, in the direction of the sigmofSee Tabachnick & Fidellg3] for
details.

Sample Excess Kurtosis Thesample excess kurtostenoted byg,, is given by the formula

P -
1 Lk x*
n

g 3 (3.3.7)

02 =
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The sample excess kurtosis takes valu2s g, < 1. The subtraction of 3 may seem myste-
rious but it is done so that mound shaped samples have valggsear zero. Samples with
g2 > 0 are calledeptokurtic and samples witlg, < 0 are calledplatykurtic Samples with
g. O are callednesokurtic

As arule of thumb, ifg,j > 4 6=nthen the sample excess kurtosis is substantiallgidint
from zero in the direction of the sign gb. See Tabachnick & FidelB3] for details.

Notice that both the sample skewness and the sample kuat@sisvariant with respect to
location and scale, that is, the valuesggfandg, do not depend on the measurement units of
the data.

3.3.9 HowtodoitwithR

TheelO71package??] has theskewnessfunction for the sample skewness andkhetosis
function for the sample excess kurtosis. Both functiongtama.rm argument which iSALSE
by default.

Example 3.14.We said earlier that thdiscoveries data looked positively skewed; let's see
what the statistics say:

> library(e1071)
> skewness(discoveries)

[1] 1.207600
> 2 * sqrt(6/length(discoveries))
[1] 0.4898979
The data are de nitely skewed to the right. Let us check thea excess kurtosis of the
UKDriverDeaths data:
> kurtosis(UKDriverDeaths)
[1] 0.07133848
> 4 * sgrt(6/length(UKDriverDeaths))
[1] 0.7071068

so that theUKDriverDeaths data appear to be mesokurtic, or at least not substantially
leptokurtic.

3.4 Exploratory Data Analysis

This eld was founded (mostly) by John Tukey (1915-2000)s tbols are useful when not
much is known regarding the underlying causes associatbdhg data set, and are often used
for checking assumptions. For example, suppose we perfarexgeriment and collect some
data... now what? We look at the data using exploratory Visads.
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3.4.1 More About Stemplots

There are many bells and whistles associated with stempliatsthestem.leaf function can
do many of them.

Trim Outliers: Some data sets have observations that fall far from the Hulkeoother data
(in a sense made more precise in SecBoh6. These extreme observations often ob-
scure the underlying structure to the data and are bestuefahe data display. The
trim.outliers argument (which iFRUBby default) will separate the extreme observa-
tions from the others and graph the stemplot without themy tre listed at the bottom
(respectively, top) of the stemplot with the lalbéll (respectivelyLO.

Split Stems: The standard stemplot has only one line per stem, which nteahall observa-
tions with rst digit 3 are plotted on the same line, regardless of the value of ttensle
digit. But this gives some stemplots a “skyscraper” appsagawith too many observa-
tions stacked onto the same stem. We can often x the displagpdreasing the number
of lines available for a given stem. For example, we coulderalo lines per stem, say,
3* and3. . Observations with second digit O through 4 would go on thgeutine, while
observations with second digit 5 through 9 would go on theeloline. (We could do
a similar thing with ve lines per stem, or even ten lines pes.) The end result is a
more spread out stemplot which often looks better. A goodngte of this was shown
on page34.

Depths: these are used to give insight into the balance of the ob$engaas they accumu-
late toward the median. In a column beside the standard &wgntipe frequency of the
stem containing the sample median is shown in parenthesest, fkequencies are ac-
cumulated from the outside inward, including the outlieBsstributions that are more
symmetric will have better balanced depths on either sideesample median.

3.4.2 HowtodoitwithR

At the command prompt The basic command istem(x) or a more sophisticated ver-
sion written by Peter Wolf calledtem.leaf(x) in the R Commander. We will describe
stem.leaf since that is the one used ByCommander.

With the R Commander WARNING: Sometimes when making a stem plot the result will
not be what you expected. There are several reasons for this:

~ Stemplots by default will trim extreme observations (dedne Section3.4.6 from the
display. This in some cases will result in stemplots thatnateas wide as expected.

" The leafs digit is chosen automatically sgem.leaf according to an algorithm that the
computer believes will represent the data well. Dependimghe@ choice of the digit,
stem.leaf may drop digits from the data or round the values in unexjgesteys.

Let us take a look at thevers data set.

> stem.leaf(rivers)
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1 | 2: represents 120

leaf unit: 10
n: 141

1 1|3

29 2 | 0111133334555556666778888899

64 3 | 00000111122223333455555666677888999
(18) 4 | 011222233344566679

59 5 | 000222234467

47 6 | 0000112235789

34 7 | 12233368

26 8 | 04579

21 9 | 0008

17 10 | 035

14 11 | 07

12 12 | 047

9 13|10

HI: 1450 1459 1770 1885 2315 2348 2533 3710

The stemplot shows a right-skewed shape torivers data distribution. Notice that the
last digit of each of the data values were dropped from thelalys Notice also that there were
eight extreme observations identi ed by the computer, drartexact values are listed at the
bottom of the stemplot. Look at the scale on the left of thenpiet and try to imagine how
ridiculous the graph would have looked had we tried to ineladough stems to include these
other eight observations; the stemplot would have stretciver several pages. Notice nally
that we can use the depths to approximate the sample medite&® data. The median lies in
the row identi ed by(18) , which means that the median is the average of the ninth antld te
observation on that row. Those two values corresportiBtand43, so a good guess for the
median would be 430. (For the record, the sample median=s425. Recall that stemplots
round the data to the nearest stem-leaf pair.)

Next let us see what tharecip data look like.

> stem.leaf(precip)

1| 2: represents 12
leaf unit: 1
n: 70
LO: 7 72 78 7.8
8 1* | 1344
13 1. | 55677
16 2* | 024
18 2. | 59
28 3* | 0000111234
(15) 3. | 555566677788899
27 4* | 0000122222334
14 4. | 56688899
6 5% | 44
4 5. ] 699
HI: 67
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Here is an example of split stems, with two lines per stem. Thkdigit of each datum
has been dropped for the display. The data appear to be &fteskwith four extreme values
to the left and one extreme value to the right. The sample amadiapproximately 37 (it turns
out to be 36.6).

3.4.3 Hinges and the Five Number Summary

Given a data sety, xo, ..., X, the hinges are found by the following method:
" Find the order statisticgay, X2, - - ., Xn)-

" Thelower hinge h is in positionL = b(n + 3)=2c=2, where the symbdixc denotes the
largest integer less than or equalxolf the positionL is not an integer, then the hinge
h_ is the average of the adjacent order statistics.

" Theupper hinge @ is in positionn+ 1 L.
Given the hinges, these number summar{sNS) is
SNS = (Xa); he; X hy; Xp): (3.4.1)

An advantage of theMS is that it reduces a potentially large data set to a shogerfionly ve
numbers, and further, these numbers give insight regattimghape of the data distribution
similar to the sample quantiles in Sectid:3.4

3.44 HowtodoitwithR

If the data are stored in a vectorthen you can compute thé\% with thefivenum function.

3.4.5 Boxplots

A boxplot is essentially a graphical representation of tN&5It can be a handy alternative to
a stripchart when the sample size is large.

A boxplot is constructed by drawing a box alongside the daia with sides located at
the upper and lower hinges. A line is drawn parallel to thesitb denote the sample me-
dian. Lastly, whiskers are extended from the sides of thetbdke maximum and minimum
data values (more precisely, to the most extreme valuesthatot potential outliers, de ned
below).

Boxplots are good for quick visual summaries of data sets tlam relative positions of the
values in the BIS are good at indicating the underlying shape of the datailoigion, although
perhaps not as ectively as a histogram. Perhaps the greatest advantagbapdot is that
it can help to objectively identify extreme observationsha data set as described in the next
section.

Boxplots are also good because one can visually assespladéatures of the data set
simultaneously:

Center can be estimated by the sample median, ~

Spread can be judged by the width of the bdx; h_. We know that this will be close to the
IQR, which can be compared gand theMAD, perhaps after rescaling if appropriate.
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Shape is indicated by the relative lengths of the whiskers, angtstion of the median inside
the box. Boxes with unbalanced whiskers indicate skewmet®ei direction of the long
whisker. Skewed distributions often have the median tenatinhe opposite direction of
skewness. Kurtosis can be assessed using the box and vghigketide box with short
whiskers will tend to be platykurtic, while a skinny box wiitide whiskers indicates
leptokurtic distributions.

Extreme observations are identi ed with open circles (see below).

3.4.6 Outliers

A potential outlieris any observation that falls beyond 1.5 times the width eftibx on either
side, that is, any observation less than 1:.5(hy h.) or greater thamy + 1:5(hy  hy). A
suspected outlieis any observation that falls beyond 3 times the width of the bn either
side. InR, both potential and suspected outliers (if present) aretaenby open circles; there
is no distinction between the two.

When potential outliers are present, the whiskers of the@ladare then shortened to extend
to the most extreme observation that is not a potential exutlif an outlier is displayed in
a boxplot, the index of the observation may be identi ed inubsequent plot irRcmdrby
clicking theldentify outliers with mouse option in theBoxplot dialog.

What do we do about outliers? They merit further investmati The primary goal is to
determine why the observation is outlying, if possible. Hé observation is a typographical
error, then it should be corrected before continuing. Ifidhservation is from a subject that does
not belong to the population of interest, then perhaps thewxahould be removed. Otherwise,
perhaps the value is hinting at some hidden structure todtee d

3.4.7 HowtodoitwithR

The quickest way to visually identify outliers is with a bdaf described above. Another way
is with theboxplot.stats ~ function.

Example 3.15.Therivers data. We will look for potential outliers in thévers data.

> boxplot.stats(rivers)$out
[1] 1459 1450 1243 2348 3710 2315 2533 1306 1270 1885 1770

We may change theoef argument to 3 (it is 1.5 by default) to identify suspectediers.

> boxplot.stats(rivers, coef = 3)$out
[1] 2348 3710 2315 2533 1885

3.4.8 Standardizing variables

It is sometimes useful to compare data sets with each othaisoale that is independent of the
measurement units. Given a set of observed Bat®,, . .., X, we getz scores, denoted, z,
.., Zy, by means of the following formula
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349 HowtodoitwithR

The scale function will rescale a numeric vector (or data frame) bytsadiing the sample
mean from each value (column) dodby dividing each observation by the sample standard
deviation.

3.5 Multivariate Data and Data Frames

We have had experience with vectors of data, which are I@tg dif numbers. Typically, each
entry in the vector is a single measurement on a subject argrpntal unit in the study. We
saw in Sectior2.3.3how to form vectors with the function or thescan function.

However, statistical studies often involve experimenterehthere are two (or more) mea-
surements associated with each subject. We display theunegbimformation in a rectangular
array in which each row corresponds to a subject, and themowicontain the measurements
for each respective variable. For instance, if one were tasme the height and weight and
hair color of each of 11 persons in a research study, thenrdtion could be represented with
a rectangular array. There would be 11 rows. Each row woulé ttze person's height in the
rst column and hair color in the second column.

The corresponding objects R are calleddata framesand they can be constructed with
thedata.frame function. Each row is an observation, and each column isiabla:

Example 3.16.Suppose we have two vectorsaindy and we want to make a data frame out of
them.

> x <- 5:8
>y <- letters[3:6]
> A <- data.frame(vl = x, v2 = y)

Notice thatx andy are the same length. ThismgcessaryAlso notice thak is a numeric
vector andy is a character vector. We may choose numeric and charaatesrsgor even
factors) for the columns of the data frame, but each columstine of exactly one type. That
is, we can have a column ftveight and a column fogender, but we will get an error if we
try to mix functionheight (numeric) andyender (character or factor) information in the same
column.

Indexing of data frames is similar to indexing of vectors. get the entry in row and
columnj doA[i,j] . We can get entire rows and columns by omitting the othemnde

> A[3, ]

vl v2
3 7 e

> All, ]

vl v2
1 5 ¢

> Al 2]

[I] cdef
Levels: c d e f
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There are several things happening above. NoticeAf&l gave a data frame (with the
same entries as the third row Af yet A[1, ] is a numeric vectorA[ ,2] is a factor vector
because the default setting fdata.frame is stringsAsFactors = TRUE .

Data frames have mamesattribute and the names may be extracted withn@s@esfunc-
tion. Once we have the names we may extract given columns pyfthae dollar sign.
> names(A)

[1] Ilvlll IIV2II
> A$vi

[1] 56 7 8

The above is identical t&[ ,1] .

3.5.1 Bivariate Data

" Introduce the sample correlation coeient.

" Two-Way Tables. Done witkable , or in theR Commander by followingstatistics .
Contingency Tables . Two-way Tables. You can also enter and analyze a two-way table.

" Scatterplot: look for linear association and correlation.

carb ~ optden, data Formaldehyde

conc ~ rate, data Puromycin

xyplot(accel ~ dist, data attenu) nonlinear association
xyplot(eruptions ~ waiting, data faithful) (linear, two groups)
xyplot(Petal.Width ~ Petal.Length, datairis)

xyplot(pressure ~ temperature, dataressure) (exponential growth)

xyplot(weight ~ height, data women) (strong positive linear)

3.5.2 Multivariate Data

Multivariate Data Display

A

Multi-Way Tables. You can do this wittable , or inR Commander by followingtatis-
tics . Contingency Tables . Multi-way Tables.

Scatterplot matrix. used for displaying pairwise scattggsimultaneously. Again, look
for linear association and correlation.

" 3D Scatterplot. See Figu¥0
plot(state.region, state.division)

barplot(table(state.division,state.region), legend.t ext=TRUE)
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3.6 Comparing Populations

Sometimes we have data from two or more groups (or populstenmd we would like to com-
pare them and draw conclusions. What we should imagine is
Some issues that we would like to address:

" Comparing centers and spreads: variation within versusd®st groups
" Comparing clusters and gaps
" Comparing outliers and unusual features

" Comparing shapes.

3.6.1 Numerically

| am thinking here about th&tatistics . Numerical Summaries . Summarize by groups option
or theStatistics . Summaries . Table of Statistics option.

3.6.2 Graphically

" Boxplots

Variable width: the width of the drawn boxplots are propamtl to pﬁi, wheren; is
the size of thé™ group. Why? Because many statistics have variability priggeal
to the reciprocal of the square root of the sample size.

Notches: extend to:28 (hy hL)=pﬁ. The idea s to give roughly a 95% con dence
interval for the di erence in two medians. See Chapitér

"~ Stripcharts

" Bar Graphs

plot(xtabs(Freq ~ Admit Gender, data UCBAdmissions)) # rescaled barplot
barplot(xtabs(Freq ~ Admit Gender, data UCBAdmissions)) # stacked bar chart
barplot(xtabs(Freq ~ Admit, dataUCBAdmissions))

barplot(xtabs(Freq ~ Gender Admit, data= UCBAdmissions), legend TRUE,
beside= TRUE) # oops, discrimination.

barplot(xtabs(Freq ~ AdmitDept, date= UCBAdmissions), legend TRUE, be-
side= TRUE) # di erent departments have @rent standards

barplot(xtabs(Freq ~ Gendddept, data= UCBAdmissions), legend TRUE, be-
side= TRUE) # men mostly applied to easy departments, women maggiied to
di cult departments

barplot(xtabs(Freq ~ Gendebept, data= UCBAdmissions), legend TRUE, be-
side= TRUE)

barchart(Admit ~ Freq, data C)
barchart(Admit ~ Fref¢sender, data C)
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barchart(Admit ~ FredDept, groupss Gender, data C)
barchart(Admit ~ FredDept, groups= Gender, data C, auto.key= TRUE)

~ Histograms

~ breakq wool*tension, data warpbreaks

~ weight| feed, data= chickwts

~ weight| group, data= PlantGrowth

~ count| spray, data InsectSprays

~ len| dose, data ToothGrowth

~ decreas¢treatment, data OrchardSprays (or rowpos or colpos)

~ Scatterplots

xyplot(Petal.Width ~ Petal.Length, dataris, group= Species)

> library(lattice)
> xyplot()

~ Scatterplot matrices

splom(~ cbind(GNP.de ator, GNP,Unemployed,Armed.FstB®pulation, Year,Employed),
data= longley)

splom(~ cbind(popl5,pop75,dpi), datd.ifeCycleSavings)

splom(~ cbind(Murder, Assault, Rape), dat&dJSArrests)

splom(~ cbind(CONT, INTG, DMNR), data USJudgeRatings)

splom(~ cbind(area,peri,shape,perm), datack)

splom(~ cbind(Air.Flow, Water.Temp, Acid.Conc., staoks), data stackloss)

splom(~ cbind(Fertility,Agriculture,Examination,Edateon,Catholic,Infant.Mortality),
data= swiss)

splom(~ cbind(Fertility,Agriculture,Examination), @at swiss) (positive and neg-
ative)

~ Dot charts

dotchart(USPersonalExpenditure)
dotchart(t(USPersonalExpenditure))
dotchart(WorldPhones) (transpose is no good)
freeny.x is no good, neither is volcano
dotchart(UCBAdmissions|,1])

dotplot(Survived ~ Fre¢|Class, groups Sex, data= B)
dotplot(Admit ~ Freq Dept, groupss Gender, data C)
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~ Mosaic plot

mosaic(~ Survived Class+ Age + Sex, data= Titanic) (or just mosaic(Titanic))

mosaic(~ Admit+ Dept+ Gender, dataz UCBAdmissions)

" Quantile-quantile plots: There are two ways to do this. O V¢ to compare two
independent samples (of the same size). qgplot(x,y). Aerotfay is to compare the
sample quantiles of one variable to the theoretical questf another distribution.

Given two sample$x; Xo; :::; X,gandfys; yo; 15 yng we may nd the order statisticgy)
X(2) Xry andya) V) Y- Next, plot then points (u); ), (X2:Y2)
e (X Y)-

It is clear that ifxy = yg for all k = 1;2;:::;n, then we will have a straight line. It is also
clear that in the real world, a straight line is NEVER obsednand instead we have a scatterplot
that hopefully had a general linear trend. What do the rdiksis?

N

If the y-intercept of the line is greater (less) than zero, then trder of theY data is
greater (less) than the center of Kelata.

" If the slope of the line is greater (less) than one, then theagpof theY data is greater
(less) than the spread of tiéedata..

3.6.3 Lattice Graphics

The following types of plots are useful when there is onealde of interest and there is a
factor in the data set by which the variable is categorized.

It is sometimes nice to sédttice.options(default.theme = "col.whitebg")

Side by side boxplots

> library(lattice)
> bwplot(~weight | feed, data = chickwts)
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Figure 3.6.1: Boxplots ofveight by feed type in thechickwts data

Histograms
> histogram(~age | education, data = infert)

12+ yrs
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Figure 3.6.2: Histograms @fge by education level from theinfert data
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Scatterplots

> xyplot(Petal.Length ~ Petal.Width | Species, data = iris)

| | | |
virginica

PNWRAOOTO N

51

setosa

versicolor

Petal.Length

P NWkAOOOoO N
|

L

I I I I I I
0.0051015 2025

Petal. Width

Figure 3.6.3: Anxyplot of Petal.Length versusPetal.Width

data

Coplots

> coplot(conc ~ uptake | Type * Treatment, data = COZ2)

by Species in theiris
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Figure 3.6.4: Acoplot of conc versusuptake by Type andTreatment in the CO2ata
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Chapter Exercises

Directions: OpenR and issue the following commands at the command line to getest.
Note that you need to have tRemdrPlugin.IPSUR package installed, and for some exercises
you need the1071 package.

library(RcmdrPlugin.IPSUR)

data(RcmdrTestDrive)

attach(RcmdrTestDrive)

names(RcmdrTestDrive) # shows names of variables

To load the data in th&®& Commander Rcmd), click the Data Set button, and select
RcmdrTestDrive as the active data set. To learn more about the data set amd Wwlkemes
from, type?RcmdrTestDrive at the command line.

Exercise 3.1.Perform a summary of all variables RemdrTestDrive . You can do this with
the command

summary(RcmdrTestDrive)

Alternatively, you can do this in thRcmdrwith the sequencétatistics . Summaries .
Active Data Set. Report the values of the summary statistics for each Variab

Answer:
> summary(RcmdrTestDrive)
order race smoke gender salary

Min. . 1.00 AfAmer: 18 No :134 Female:95 Min. :11.62
1st Qu.: 42.75 Asian : 8 Yes: 34 Male :73 1st Qu.:15.93
Median : 84.50 Other : 16 Median :17.59
Mean : 84.50 White :126 Mean :17.10
3rd Qu.:126.25 3rd Qu.:18.46
Max. :168.00 Max. :21.19

reduction before after parking

Min. 4904 Min. :51.17  Min. :48.79  Min. . 1.000

1st Qu.:5.195 1st Qu.:63.36  1st Qu.:62.80 1st Qu.: 1.000
Median :5.501 Median :67.62 Median :66.94 Median : 2.000
Mean :5.609 Mean :67.36 Mean :66.85 Mean . 2.524
3rd Qu.:.5.989 3rd Qu.:71.28  3rd Qu.:70.88 3rd Qu.: 3.000
Max. :6.830 Max. :89.96 Max. :89.89 Max. :18.000

Exercise 3.2.Make a table of theacevariable. Do this witlStatistics . Summaries . IPSUR
- Frequency Distributions...

1. Which ethnicity has the highest frequency?
2. Which ethnicity has the lowest frequency?

3. Include a bar graph oace Do this withGraphs . IPSUR - Bar Graph...
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Solution: First we will make a table of theacevariable with thaable function.

> table(race)

race
AfAmer Asian Other White
18 8 16 126

1. For these data, White has the highest frequency.
2. For these data, Asian has the lowest frequency.

3. The graph is shown below.
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AfAmer Asian Other White
race

Exercise 3.3.Calculate the averagealary by the factorgender Do this with Statistics .
Summaries . Table of Statistics...

1. Whichgenderhas the highest meaalary?
2. Report the highest meaalary.

3. Compare the spreads for the genders by calculating thdasté deviation okalary by
gender Whichgenderhas the biggest standard deviation?

4. Make boxplots ofalaryby genderwith the following method:

On theRcmdr click Graphs . IPSUR - Boxplot...

In the Variable box, seleckalary.

Click thePlot by groups... box and seleagender Click OK.
Click OK to graph the boxplot.

How does the boxplot compare to your answers to (1) and (3)?
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Solution: We can generate a table listing the average salaries by genitietwo methods.
The rst usestapply :

> x <- tapply(salary, list(gender = gender), mean)

> X

gender
Female Male
16.46353 17.93035

The second method uses twefunction:

> by(salary, gender, mean, na.rm = TRUE)

gender: Female

[1] 16.46353

gender: Male
[1] 17.93035

Now to answer the questions:

1. Which gender has the highest mean salary?

We can answer this by looking above. For these data, the gentethe highest mean
salary is Male.

Report the highest mean salary.
Depending on our answer above, we would do something like

mean(salary[gender == Male])

for example. For these data, the highest mean salary is

> x[which(x == max(x))]

Male
17.93035

. Compare the spreads for the genders by calculating thdast deviation okalary by

gender Which gender has the biggest standard deviation?

> y <- tapply(salary, list(gender = gender), sd)
>y
gender

Female Male
2.122113 1.077183

For these data, the the largest standard deviation is ajppatedy 2.12 which was at-
tained by the Female gender.
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4. Make boxplots obalaryby gender How does the boxplot compare to your answers to
(1) and (3)?

The graph is shown below.
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Answers will vary. There should be some remarks that theecaritthe box is farther to
the right for the Male gender, and some recognition that thei®wider for the Female
gender.

Exercise 3.4.For this problem we will study the variabteduction
1. Find the order statistics and store them in a vextdtfint: X <-sort(reduction)
2. Findx37), the 137" order statistic.

Find the IQR.

Find the Five Number Summary (5NS).

Use the 5NS to calculate what the width of a boxplatafuctionwould be.

Compare your answers (3) and (5). Are they the same? lanethey close?

N o 0 M W

Make a boxplot ofeduction and include the boxplot in your report. You can do this
with theboxplot function, or inRcmdrwith Graphs . IPSUR - Boxplot...

8. Are there any potentisluspected outliers? If so, list their valuéBnt: use your answer
to (a).
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9. Using the rules discussed in the text, classify answef8)taf any, aspotentialor sus-
pectedoutliers.

Answers:

> x[137]

[1] 6.101618

> IOR(X)

[1] 0.7943932

> fivenum(x)

[1] 4.903922 5.193638 5.501241 5.989846 6.830096

> fivenum(x)[4] - fivenum(x)[2]

[1] 0.796208

Compare your answers (3) and (5). Are they the same? If rothaly close?

Yes, they are close, within 0.00181484542950905 of eadér.oth
The boxplot ofreductionis below.

5.0 5.5 6.0 6.5

reduction

> temp <- fivenum(x)

> inF <- 1.5 * (temp[4] - temp[2]) + temp[4]
> outF <- 3 * (temp[4] - temp[2]) + temp[4]
> which(x > inF)

integer(0)

> which(x > outF)
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integer(0)

Observations would be considered potential outliers,ewliiservation(s) would be consid-
ered a suspected outlier.

Exercise 3.5.In this problem we will compare the variablegforeand after. Don't forget
library(e1071)

1.

Examine the two measures of center for both variablesgidgdrom these measures,
which variable has a higher center?

. Which measure of center is more appropriateldfefore? (You may want to look at a

boxplot.) Which measure of center is more appropriateaftar?

Based on your answer to (2), choose an appropriate meaisspecad for each variable,
calculate it, and report its value. Which variable has tlggest spread? (Note that you
need to make sure that your measures are on the same scale.)

Calculate and report the skewness and kurtosibééore Based on these values, how
would you describe the shapeloéfore?

Calculate and report the skewness and kurtosisfier. Based on these values, how
would you describe the shapeafter?

Plot histograms dbeforeandafter and compare them to your answers to (4) and (5).

Solution:

1. Examine the two measures of center for both variablesybatfound in problem 1.

Judging from these measures, which variable has a high&r@en

We may take a look at theummary(RcmdrTestDrive) output from Exercis@.1 Here
we will repeat the relevant summary statistics.

> c(mean(before), median(before))
[1] 67.36338 67.61824
> c(mean(after), median(after))

[1] 66.85215 66.93608

The idea is to look at the two measures and compare them to andé&eision. In a nice
world, both the mean and median of one variable will be latigen the other which sends
a nice message. If We get a mixed message, then we shoulddookter information,
such as extreme values in one of the variables, which is otieeafeasons for the next
part of the problem.

. Which measure of center is more appropriateldefore? (You may want to look at a

boxplot.) Which measure of center is more appropriatefter?
The boxplot ofbeforeis shown below.
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50 60 70 80 90

before

We want to watch out for extreme values (shown as circlesraggghfrom the box) or
large departures from symmetry. If the distribution islfasymmetric then the mean
and median should be approximately the same. But if theiloligion is highly skewed
with extreme values then we should be skeptical of the sampbmn, and fall back to the
median which is resistant to extremes. By design, the befariable is set up to have a
fairly symmetric distribution.

A boxplot of afteris shown next.



60

CHAPTER 3. DATA DESCRIPTION

50 60 70 80 90

after

The same remarks apply to théer variable. Theafter variable has been designed to be
left-skewed. .. thus, the median would likely be a good chadae this variable.

. Based on your answer to (2), choose an appropriate meaifssjpecad for each variable,

calculate it, and report its value. Which variable has tlygest spread? (Note that you
need to make sure that your measures are on the same scale.)

Sincebeforehas a symmetric, mound shaped distribution, an excelleasore of center
would be the sample standard deviation. And siafter is left-skewed, we should use
the median absolute deviation. Itis also acceptable tohesEIR, but we should rescale
it appropriately, namely, by dividing by 1.349. The exadues are shown below.

> sd(before)

[1] 6.201724

> mad(after)

[1] 6.095189

> |QR(after)/1.349

[1] 5.986954

Judging from the values above, we would decide which vagislals the higher spread.

Look at how close thenadand thelQR (after suitable rescaling) are; it goes to show why
the rescaling is important.
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4. Calculate and report the skewness and kurtosibdéfore Based on these values, how
would you describe the shapelwéfore?

The values of these descriptive measures are shown below.

> library(e1071)
> skewness(before)

[1] 0.4016912
> kurtosis(before)

[1] 1.542225

We should take the sample skewness value and compare I?t@ 0.378 in absolute
value to see if it is substantially derent from zero. The direction of skewness is decided
by the sign (positive or negative) of the skewness value.

We should take the sample kurtosis value and compare it t(F)) 24=168 0.756), in
absolute value to see if the excess kurtosis is substandialerent from zero. And take
a look at the sign to see whether the distribution is plati&ur leptokurtic.

5. Calculate and report the skewness and kurtosigfter. Based on these values, how
would you describe the shapeater?

The values of these descriptive measures are shown below.
> skewness(after)

[1] 0.3235134

> kurtosis(after)

[1] 1.452301

We should do for this one just like we did previously. We woalghin compare the
sample skewness and kurtosis values (in absolute value3T8 @nd 0.756, respectively.

6. Plot histograms dbeforeandafter and compare them to your answers to (4) and (5).

The graphs are shown below.
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Answers will vary. We are looking for visual consistency lire thistograms to our state-
ments above.

Exercise 3.6.Describe the following data sets just as if you were commatimig with an
alien, but one who has had a statistics class. Mention tihens&atures (data type, important
properties, anything special). Support your answers viighappropriate visual displays and
descriptive statistics.

1. Conversion rates of Euro currencies storeduro.

2. State abbreviations storeddtate.abb .
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Chapter 4
Probability

In this chapter we de ne the basic terminology associateith wrobability and derive some
of its properties. We discuss three interpretations of @bdtly. We discuss conditional prob-
ability and independent events, along with Bayes' Theoraie nish the chapter with an
introduction to random variables, which paves the way ferrtbxt two chapters.

In this book we distinguish between two types of experimedé&terministicandrandom
A deterministieexperiment is one whose outcome may be predicted with ogytbeforehand,
such as combining Hydrogen and Oxygen, or adding two nuntens as 2 3. A random
experiment is one whose outcome is determined by chance o%8tpat the outcome of a ran-
dom experiment may not be predicted with certainty befandhaven in principle. Examples
of random experiments include tossing a coin, rolling a diej throwing a dart on a board,
how many red lights you encounter on the drive home, how mats/teaverse a certain patch
of sidewalk over a short periodic

What do | want them to know?

N

that there are multiple interpretations of probabilityddne methods used depend some-
what on the philosophy chosen

nuts and bolts of basic probability jargon: sample spacemts, probability functions,
etc

how to count
conditional probability and its relationship with indepkesmce
Bayes' Rule and how it relates to the subjective view of plolitg

what we mean by random variables', and where they come from

4.1 Sample Spaces

For a random experimeiid, the set of all possible outcomes Bfis called thesample space
and is denoted by the lett&. For the coin-toss experimer, would be the results “Head”
and “Tail”, which we may represent iy = fH; Tg Formally, the performance of a random
experiment is the unpredictable selection of an outcon& in

65
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4.1.1 HowtodoitwithR

Most of the probability work in this book is done with theob package$2]. A sample spaceis
(usually) represented bydata framethat is, a rectangular collection of variables (see Sactio
3.5.2. Each row of the data frame corresponds to an outcome okgiexienent. The data frame
choice is convenient both for its simplicity and its compditly with the R Commander. Data
frames alone are, however, not stient to describe some of the more interesting probalailisti
applications we will study later; to handle those we will de¢e consider a more generat
data structure. See Sectidr6.3for details.

Example 4.1. Consider the random experiment of dropping a Styrofoam aup the oor
from a height of four feet. The cup hits the ground and evdlytgames to rest. It could land
upside down, right side up, or it could land on its side. Waeaspnt these possible outcomes
of the random experiment by the following.

> S <- data.frame(lands = c("down", "up", "side"))
> S

lands
1 down
2 up
3 side

The sample spacgcontains the columtands which stores the outcomédown”, "up" ,
and"side" .

Some sample spaces are so common that convenience wraggernsmiten to set them up
with minimal e ort. The underlying machinery that does the work includesttpand.grid
function in thebase packagecombnin thecombinat package 14], andpermsnin the prob
packagé.

Consider the random experiment of tossing a coin. The outsaareH andT. We can set
up the sample space quickly with ttesscoin function:

> library(prob)
> tosscoin(1)

tossl
1 H
2 T

The numberl tells tosscoin that we only want to toss the coin once. We could toss it
three times:

> tosscoin(3)

tossl toss2 toss3
1 H H H
2 T H H
3 H T H
1The seasonel user can get the job done without the convenience wrappersdurage the beginner to use

them to get started, but | also recommend that introductiugesnts wean themselves as soon as possible. The
wrappers were designed for ease and intuitive use, not &@dspr e ciency.
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44T
4444 I

Alternatively we could roll a fair die:

\Y,

rolldie(1)
X1

O U, WN B
OO0, WN B

Therolldie function defaults to a 6-sided die, but we can specify othéils the nsides
argument. The commamndlldie(3, nsides = 4) would be used to roll a 4-sided die three
times.

Perhaps we would like to draw one card from a standard setaging cards (it is a long
data frame):

> head(cards())

rank suit
2 Club
3 Club
4 Club
5 Club
6 Club
7 Club

O, WN B

Thecards function that we just used has optional argumegokers (if you would like
Jokers to be in the deck) amtbkespacewhich we will discuss later. There is alsoa@ulette
function which returns the sample space associated witlsjpineon a roulette wheel. There are
EU and USA versions available. Interested readers mayibatgrany other game or sample
spaces that may be of general interest.

4.1.2 Sampling from Urns

This is perhaps the most fundamental type of random expaetiriée have an urn that contains
a bunch of distinguishable objects (balls) inside. We shgk#ihe urn, reach inside, grab a ball,
and take a look. That's all.

But there are all sorts of variations on this theme. Maybe wald/like to grab more than
one ball — say, two balls. What are all of the possible out®ofehe experiment now? It
depends on how we sample. We could select a ball, take a lobk, [pack, and sample again.
Another way would be to select a ball, take a look — but do noitdaack — and sample again
(equivalently, just reach in and grab two balls). There amainly more possible outcomes
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of the experiment in the former case than in the latter. In tbie(second) case we say that
sampling is donevith (without) replacement

There is more. Suppose we do not actually keep track of whadhchme rst. All we
observe are the two balls, and we have no idea about the orddrich they were selected. We
call thisunordered samplingin contrast toordered because the order of the selections does
not matter with respect to what we observe. We might as wek lselected the balls and put
them in a bag before looking.

Note that this one general class of random experiments icerda a special case all of the
common elementary random experiments. Tossing a coin fwiequivalent to selecting two
balls labeledH andT from an urn, with replacement. The die-roll experiment igieglent to
selecting a ball from an urn with six elements, labeled 1ugto6.

4.1.3 HowtodoitwithR

Theprob package accomplishes sampling from urns withuiressamples function, which has
arguments, size , replace , andordered . The argumenk represents the urn from which
sampling is to be done. Thgze argument tells how large the sample will be. Toreered
andreplace arguments are logical and specify how sampling will be penftd. We will
discuss each in turn.

Example 4.2. Let our urn simply contain three balls, labeled 1, 2, and Speetively. We are
going to take a sample of size 2 from the urn.

Ordered, With Replacement

If sampling is with replacement, then we can get any outcon® @r 3 on any draw. Further,
by “ordered” we mean that we shall keep track of the order efdtaws that we observe. We
can accomplish this iR with

> urnsamples(1:3, size = 2, replace = TRUE, ordered = TRUE)

X1 X2

[ —

O©CoOoO~NOOUTh, WNPE
WNNEFPWNPEPWN
WWWMNNNRE,PRFPPRP

Notice that rows 2 and 4 are identical, save for the order iiclwvthe numbers are shown.
Further, note that every possible pair of the numbers 1 tira®i are listed. This experi-
ment is equivalent to rolling a 3-sided die twice, which waildohave accomplished with
rolldie(2, nsides = 3)
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Ordered, Without Replacement

Here sampling is without replacement, so we may not obséeesame number twice in any
row. Order is still important, however, so we expect to seedhtcomed,2 and2,1 some-
where in our data frame.

> urnsamples(1:3, size = 2, replace = FALSE, ordered = TRUE)

X1 X2
1

U, WN PR
WNWEDN
NWEFE WELEDN

This is just as we expected. Notice that there are less roWvssranswer due to the more
restrictive sampling procedure. If the numbers 1, 2, andpBesented “Fred”, “Mary”, and
“Sue”, respectively, then this experiment would be eq@méko selecting two people of the
three to serve as president and vice-president of a compespectively, and the sample space
shown above lists all possible ways that this could be done.

Unordered, Without Replacement

Again, we may not observe the same outcome twice, but in #gs,onve will only retain those
outcomes which (when jumbled) would not duplicate earlieg

> urnsamples(1:3, size = 2, replace = FALSE, ordered = FALSE)
X1 X2

WN -
N P
wwmN

This experiment is equivalent to reaching in the urn, pigkarpair, and looking to see what
they are. This is the default settinguihsamples, so we would have received the same output
by simply typingurnsamples(1:3, 2)

Unordered, With Replacement

The last possibility is perhaps the most interesting. Wéacepthe balls after every draw, but
we do not remember the order in which the draws came.

> urnsamples(1:3, size = 2, replace = TRUE, ordered = FALSE)

X1 X2
1

Ul WNPE
WNNN PR BP-
WWNWN B
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We may interpret this experiment in a number of alternatiagsv One way is to consider
this as simply putting two 3-sided dice in a cup, shaking ting, @nd looking inside — as in a
game ofLiar's Dice, for instance. Each row of the sample space is a potentiawgacould
observe. Another way is to view each outcome as a separab®cit distribute two identical
golf balls into three boxes labeled 1, 2, and 3. Regardlesiseninterpretationyrnsamples
lists every possible way that the experiment can conclude.

Note that the urn does not need to contain numbers; we cowl juat as easily taken
oururnto bex = c("Red","Blue","Green") . But, there is ammportant point to mention
before proceeding. Astute readers will notice that in owanegle, the balls in the urn were
distinguishablen the sense that each had a unique label to distinguishnt the others in the
urn. A natural question would be, “What happens if your ursindistinguishable elements, for
example, what ik = c("Red","Red","Blue™)  ?” The answer is thairnsamples behaves
as if each ball in the urn is distinguishable, regardlesdofictual contents. We may thus
imagine that while there are two red balls in the urn, thesbate such that we can tell them
apart (in principle) by looking closely enough at the impetfons on their surface.

In this way, when thet argument oirnsamples has repeated elements, the resulting sam-
ple space may appear to bedered = TRUEeven when, in fact, the call to the function was
urnsamples(..., ordered = FALSE) . Similar remarks apply for theeplace argument.

4.2 Events

An event Ais merely a collection of outcomes, or in other words, a sub$¢he sample
spacé. After the performance of a random experim@&tve say that the ever occurred

if the experiment's outcome belongs £0 We say that a bunch of evermg, A, Az, ... are

mutually exclusiver disjointif A/\ A; = ; for any distinct pairA; , A;. For instance, in
the coin-toss experiment the eveAts fHeadgandB = fTailsgwould be mutually exclusive.
Now would be a good time to review the algebra of sets in AppeRkdL

421 HowtodoitwithR

Given a data frame sampeobability space, we may extract rows using the operator:

> S <- tosscoin(2, makespace = TRUE)

tossl toss2 probs

1 H H 0.25
2 T H 0.25
3 H T 0.25
4 T T 0.25
> §[1:3, ]

tossl toss2 probs
1 H H 0.25
2 T H 0.25
3 H T 0.25

2This naive de nition works for nite or countably in nite saple spaces, but is inadequate for sample spaces
in general. In this book, we will not address the subtletied &arise, but will refer the interested reader to any text
on advanced probability or measure theory.
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> Slc2, 4), ]

tossl toss2 probs
2 T H 0.25
4 T T 0.25

and so forth. We may also extract rows that satisfy a logigptession using theubset
function, for instance

> S <- cards()

> subset(S, suit == "Heart")
rank suit

27 2 Heart

28 3 Heart

29 4 Heart

30 5 Heart

31 6 Heart

32 7 Heart

33 8 Heart

34 9 Heart

35 10 Heart

36 J Heart

37 Q Heart

38 K Heart

39 A Heart

> subset(S, rank %in% 7:9)
rank suit

6 7 Club
7 8 Club
8 9 Club
19 7 Diamond
20 8 Diamond
21 9 Diamond

32 7 Heart
33 8 Heart
34 9 Heart
45 7  Spade
46 8 Spade

47 9 Spade
We could continue inde nitely. Also note that mathematiegpressions are allowed:

> subset(rolldie(3), X1 + X2 + X3 > 16)

X1 X2 X3
180 6 6 5
210 6 5 6
215 5 6 6
216 6 6 6
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4.2.2 Functions for Finding Subsets

It does not take long before the subsets of interest becomela@ated to specify. Yet the main
idea remains: we have a particular logical condition to gppleach row. If the row satis es
the condition, then it should be in the subset. It should eahtihe subset otherwise. The ease
with which the condition may be coded depends of course owjtiestion being asked. Here
are a few functions to get started.

The %in%function

The function%in%helps to learn whether each value of one vector lies somenhside an-
other vector.

> x <- 1:10
>y <- 812
>y %in% x

[1] TRUE TRUE TRUE FALSE FALSE

Notice that the returned value is a vector of length 5 whislstevhether each elementyof
isinx, in turn.

Theisin function

It is more common to want to know whether thvbolevectory is in x. We can do this with the
isin function.
> isin(x, y)
[1] FALSE
Of course, one may ask why we did not try something &ké/ %in% x) , which would

give a single resultTRUE The reason is that the answers areeadent in the case that has
repeated values. Compare:

> x <- 1:10
>y <-¢3 3 7)

> allly %in% x)
[1] TRUE
> jsin(x, y)
[1] FALSE
The reason for the above is of course thatontains the value 3, butdoes not havéwo
3's. The di erence is important when rolling multiple dice, playingadsetc Note that there

is an optional argumemtrdered which tests whether the elementsyadppear irx in the order
in which they are appear yn The consequences are

> jsin(x, ¢(3, 4, 5), ordered = TRUE)
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[1] TRUE
> jsin(x, ¢(3, 5, 4), ordered = TRUE)
[1] FALSE
The connection to probability is that have a data frame samphce and we would like to

nd a subset of that space. Bata.frame method was written foisin that simply applies
the function to each row of the data frame. We can see the m@thaxction with the following:

> S <- rolldie(4)
> subset(S, isin(S, c(2, 2, 6), ordered = TRUE))

X1 X2 X3 X4
188 2 2 6 1
404 2 2 6 2
620 2 2 6 3
836 2 2 6 4
1052 2 2 6 5
1088 2 2 1 6
1118 2 1 2 6
1123 1 2 2 6
1124 2 2 2 6
1125 3 2 2 6
1126 4 2 2 6
1127 5 2 2 6
1128 6 2 2 6
1130 2 3 2 6
1136 2 4 2 6
1142 2 5 2 6
1148 2 6 2 6
1160 2 2 3 6
1196 2 2 4 6
1232 2 2 5 6
1268 2 2 6 6

There are a few other functions written to nd useful subse@mely, countrep and
isrep . Essentially these were written to test for (or count) a spemmber of designated
values in outcomes. See the documentation for details.

4.2.3 Set Union, Intersection, and Dierence

Given subset#® andB, it is often useful to manipulate them in an algebraic fashi®o this
end, we have three set operations at our disposal: uniarsattion, and dierence. Below is
a table that summarizes the pertinent information abostioperations.

Name Denoted| De ned by elementg Code

Union A[ B |inAorBorboth union(A,B)
Intersection| A\ B | inbothAandB intersect(A,B)
Di erence AnB | in Abut notinB setdiff(A,B)
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Some examples follow.

> S = cards()
> A = subset(S, suit == "Heart")
> B = subset(S, rank %in% 7:9)

We can now do some set algebra:

> union(A, B)
rank suit
6 7 Club
7 8 Club
8 9 Club
19 7 Diamond
20 8 Diamond
21 9 Diamond
27 2 Heart
28 3 Heart
29 4  Heart
30 5 Heart
31 6 Heart
32 7 Heart
33 8 Heart
34 9 Heart
35 10 Heart
36 J Heart
37 Q Heart
38 K Heart
39 A Heart
45 7  Spade
46 8 Spade
a7 9 Spade
> intersect(A, B)
rank suit
32 7 Heart
33 8 Heart
34 9 Heart
> setdiff(A, B)
rank suit
27 2 Heart
28 3 Heart
29 4 Heart
30 5 Heart
31 6 Heart
35 10 Heart
36 J Heart
37 Q Heart
38 K Heart

39 A Heart
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> setdiff(B, A)

rank suit
6 7 Club
7 8 Club
8 9 Club
19 7 Diamond
20 8 Diamond
21 9 Diamond
45 7  Spade
46 8 Spade
a7 9 Spade

Notice thatsetdiff is not symmetric. Further, note that we can calculatectiraplement
of a setA, denotedA® and de ned to be the elements &f that are not inA simply with
setdiff(S,A)

There have been methods writteniiatiersect , setdiff , subset, andunion inthe case
that the input objects are of clags. See Sectiod.6.3

Note4.3. When theprob package loads you will notice a messagehé following object(s)

are masked from package:base : intersect , setdiff , union”. The reason for this
message is that there already exist methods for the fursdtigrsect , setdiff , subset,
andunion in thebase package which ships witR. However, these methods were designed for
when the arguments are vectors of the same mode. Since weaaiputating sample spaces
which are data frames and lists, it was necessary to writeedstto handle those cases as well.
When theprob package is loaded® recognizes that there are multiple versions of the same
function in the search path and acts to shield the new dengifrom the existing ones. But
there is no cause for alarm, thankfully, becausepttod functions have been carefully de ned

to match the usudlase package de nition in the case that the arguments are vectors

4.3 Model Assignment

Let us take a look at the coin-toss experiment more closeljatdo we mean when we say
“the probability of Heads” or write IP(Heads)? Given a condan itchy thumb, how do we go
about nding what IP(Heads) should be?

4.3.1 The Measure Theory Approach

This approach states that the way to handle IP(Heads) is t® @emathematical function,
called aprobability measurgon the sample space. Probability measures satisfy certams
(to be introduced later) and have special mathematicalgstigs, so not just any mathemat-
ical function will do. But in any given physical circumstanthere are typically all sorts of
probability measures from which to choose, and it is lefhi®éxperimenter to make a reason-
able choice — usually based on considerations of objegtifor the tossing coin example, a
valid probability measure assigns probabilgyo the eventHeadsg wherep is some number
0 p 1. Anexperimenter that wishes to incorporate the symméttlyeocoin would choose
p = 1=2 to balance the likelihood dHeadgandfTailsg

Once the probability measure is chosen (or determinede tisenot much left to do. All
assignments of probability are made by the probability fimm; and the experimenter needs
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only to plug the eventHeadginto to the probability function to nd IP(Heads). In this wa
the probability of an event is simply a calculated value himay more, nothing less. Of course
this is not the whole story; there are many theorems and qoesees associated with this
approach that will keep us occupied for the remainder of tleisk. The approach is called
measure theorpecause the measure (probability) of a set (event) is agsdaivith how big it
is (how likely it is to occur).

The measure theory approach is well suited for situationsrg/kthere is symmetry to the
experiment, such as ipping a balanced coin or spinning aavaiaround a circle with well-
de ned pie slices. Itis also handy because of its matherakgimplicity, elegance, and exibil-
ity. There are literally volumes of information that one qave about probability measures,
and the cold rules of mathematics allow us to analyze irtigaiobabilistic problems with
vigor.

The large degree of exibility is also a disadvantage, hogreWWhen symmetry fails it is
not always obvious what an “objective” choice of probapiiteasure should be; for instance,
what probability should we assign féleadg if we spin the coin rather than ip it? (It is
not 1=2.) Furthermore, the mathematical rules are restrictiverwive wish to incorporate
subjective knowledge into the model, knowledge which cleangver time and depends on
the experimenter, such as personal knowledge about thepiepof the speci ¢ coin being
ipped, or of the person doing the ipping.

The mathematician who revolutionized this wa